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ARTICLE INFO ABSTRACT
MSC: Consider a one dimensional critical branching Lévy process ((Z,),5.P,). Assume that the
60J80 offspring distribution either has finite second moment or belongs to the domain of attraction
60J68 of some a-stable distribution with « € (1,2), and that the underlying Lévy process (&), is
Zgg:; non-lattice and has finite 2 + 6* moment for some 6* > 0. We first prove that

Keywords: L _ 1 1 X
Critical branching Lévy process re <1 ]E\/;” <exp{ ta—i]—% /h(x)Z,(dx) tﬁ & \/; Z/(dx)

Lévy process
Super-Brownian motion converges as t — oo for any non-negative bounded Lipschitz function g and any non-negative

Feynman-Kac formula directly Riemann integrable function s of compact support. Then for any y € R and bounded
Borel set A of positive Lebesgue measure with its boundary having zero Lebesgue measure,
under a higher moment condition on &, we find the decay rate of the probability P \ﬂy(Z,(A) >
0). As an application, we prove some convergence results for Z, under the conditional law
P/, (1Z,(4) > 0).

1. Introduction and main results
1.1. Background introduction and motivation

A branching random walk is a discrete-time Markov process which can be described as follows. At time O there is a particle at
x € RY. At time 1, this particle dies and gives birth to N offspring with P(N = k) = p, for k € N := {0, 1,...}, and the relative
positions of the offspring to the parent are given by iid copies of a random variable X. These offspring form generation 1. Given
the information at time 1, at time 2, individuals of generation 1 independently repeat their parent’s behavior. The procedure goes
on. Let Z, be the counting measure of the individuals of generation n. (Z,),5 is called a branching random walk starting from an
initial individual located at x. We will use P, to denote the law of the branching random walk and E, to denote the corresponding
expectation.

Let C*(R) be the family of non-negative continuous functions on R and C}(R) be the subfamily of functions in C*(R) with
compact support. For any f € C*(R), we write (f) := [ f(x)dx. Assume that the branching random walk is critical, that is,
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Y okp =1 and p; < 1. It is well-known that this process will become extinct with probability 1. For any x € R?, we use ||x|| to
denote the Euclidean norm. When d > 3, under the assumption

(s
Y iPpy < 0 .1)
k=0

and that either X is a standard R-valued Gaussian random variable or X is a bounded symmetric Z¢-valued random variable,
Rapenne [1, Lemma 2.10] proved that for any closed ball A c R¢, there exists a constant I, such that for all x € Z¢, as n — oo,

1 1
lim n?/?P (Z (A)>O) = —Aexp{——xTZ_lx}, 1.2)
n—co [y/nlx " det(X) 2

where X = (2, ;),<; ;<4 is the covariance matrix of X, i.e., Z; ; = Cov(X;, X;) forall 1 <i,j < d. Moreover, under the same assumption,
Rapenne [1, Proposition 2.13] proved that for any a € Z¢ and closed ball A c R?, there exists a random point process (Ny,P)
supported in A and independent of a such that

P, (zn €|z, > 0) P, ). (1.3)

l

For critical branching Brownian motions and critical super-Brownian motions in dimension d > 3, results similar to (1.2) and (1.3)
are consequences of [2, (2.8)]. More precisely, taking f = 01, in [2, (2.8)] and then letting 6§ — oo, we get (1.2); taking a general
fe CC*'(R) and combining it with (1.2), we get (1.3).

When d = 2, things are quite different. When (1.1) holds and X is a Z2-valued random variable such that P(||X|| < 1) = 1, Lalley
and Zheng [3, Propositions 31 and 33] proved that for any x € Z?2, there exists C(x) > 0 such that for all n > 2,

1
m < n(logn)IP[\/;]x(Zn({O}) > 0) < C(x). 1.4

Recently Chen et al. [4] refined the result of (1.4). They proved that if Z,‘:’:o e*p, < oo for some e > 0, then for any x € 72,
. 4 o2
nll)rgo n(logn)IP’[ﬁ]x(Zn({O}) >0)= ;e e (1.5)

where 62 := 22":0 k?p, — 1. Comparing (1.2) and (1.5), we see that there is an extra factor logn in d = 2. In the case of critical
continuous-time binary branching random walk (Z,),5, with branching rate 2, under a second moment condition on the random
walk, Durrett [5, (8.12)] proved that for any bounded open set A ¢ R? with #(dA) = 0 and any 6 > 0,

. 0 ZA) _ 40
’]Lr?ot(logt) <1 —E<exp{—@m}>) = oren’ (1.6)

where ¢ is the Lebesgue measure. As a consequence of (1.6), see [5, (8.15)], for any bounded open set A ¢ R? with £(dA) = 0 and
any h > 0, it holds that

. 1 Z/(A) _8xh
lim t(log )P | — —— > h | = 4e™°"". 1.7
Jim r(log ) <logt 7A) > e 1.7

It the case d = 1, it is well-known (for example, see the paragraph below [6, Theorem 3], or [7]) that, if the assumption (1.1)
holds and E(X) = 0,E(X?) = 1, there exists a measure-valued random variable (Y,P) such that as n — o,

P(zi'” e |z.®> 0) S P e, (1.8)

where Zi") is the random measure defined by [ f (x)Zi")(dx) = % [ f(==)Z,(dx) for all bounded non-negative functions /. The
n

random measure Y is related to a certain super-Brownian motion, which will be introduced later. It is easy to see from (1.8) that

for any bounded non-negative continuous function f on R,

. 1 1 x
S -))
=1-E <exp {—/f(x)Y(dx)}) . 1.9

We will prove a result more general than (1.9) in Theorem 1.2 below in the continuous time setting. To the best of our knowledge,
there are no d = 1 counterparts yet to the high dimensional results (1.2) and (1.3). In this paper, we will prove the counterparts of
(1.2) and (1.3) for 1-dimensional critical branching Lévy processes, see Theorems 1.4 and 1.6 below.

A branching Lévy process is a continuous counterpart of branching random walk and it can be described as follows. At time 0,
there is an individual at x € R? and it moves according to a Lévy process (£, Py). After an exponential time with parameter § > 0,
this individual dies and gives birth to k offspring with probability p,, k =0, 1,... located at the parent’s death place. The offspring
then independently repeat the parent’s behavior. This procedure goes on. Let Z, be the point process formed by the individual alive
at time ¢. The process (Z,),5 is called a branching Lévy process.

A more general class of branching Lévy processes on the real line has been introduced by Bertoin and Mallein [8]. Recently,
quite a few papers, see, for instance, [9-12], have been devoted to this general model. In this general model the branching rate
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p is allowed to be infinite and that the branching is allowed to be non-local, i.e., the birthplace of the children is not necessarily
the deathplace of their parent. The branching Lévy process dealt with in this paper is a special case of the branching Lévy process
introduced in [8] with local branching and finite branching rate.

We will use P, to denote the law of (Z,),, starting from one individual at x and E, to denote the corresponding expectation.
For simplicity, we write PP := Py and E := E,. We will assume that (Z,),, is critical:

kak: land p; < 1.
k=0

The main purpose of this paper is to study the asymptotic behavior of (Z,),5, when d = 1 under some conditions. We will assume
that

(H1) The offspring distribution {p, : k > 0} belongs to the domain of attraction of an a-stable, a € (1,2], distribution. More precisely,
either there exist « € (1,2) and x(a) € (0, o) such that

(s
lim n® =
JHim kZpk K(a),
=n

or that (corresponding a = 2)

(oo
Z kzpk < 0o0.
k=0

Under the assumption (H1), it is known (see, for example, [13-15]) that

a—1
pr()(2-a)’
2
B(Xre, ktk=1py)”

when «a € (1,2),

t]im tﬁIP(Z,(R) >0)= (1.10)

a=2,

For the Lévy process (§,),50, we will assume that
(H2)
Ey(&) =0, Ey¢&H=1

(H3) the law of & under P, is non-lattice;

and that
(H4) there exists 5* > 0 such that Ey(|&,|>*"") < co.

The hypothesis (H3) and (H4) will only be used to prove Lemma 2.2 below. For some results, we will also need the following
stronger moment condition on the Lévy process:

(H4’) For the « € (1,2] in (H1), it holds that

Eg (1£10) < oo for some r0>2—a,
P

When o = 2, the assumption is the same as that in [6]. For any ¢ > 0, define M, to be the maximal position of all the particles at
time ¢. We also define
M :=supM,.
>0
Under (H1), (H2) and the weaker moment condition Ey((¢; v 0)0) < oo than (H4’), it was proved in [16] (although [16] did not
deal with the case a = 2, the proof is actually the same as the case a € (1,2), see the argument below [16, Theorem 1.1]) that there
exists 8(a) € (0, ) such that
2
lim xaTP(M > x) = 6(a). (1.11)
X—00

The assumption (H4’) is only used in the proof of Lemma 3.5 to control the overshoot of the underlying Lévy process.
1.2. Critical super-Brownian motion
In this subsection, we give a brief introduction to super-Brownian motion. Let M (R) be the families of finite Borel measures

on R. We will use 0 to denote the null measure on R. Let B;(R) be the space of non-negative bounded Borel functions on R. For
any f € B;(R) and p € Mp(R), we use u(f) to denote the integral of f with respect to u. For any « € (1,2], the function

(A) 1= C(a)A { G mhenes (1.12)
@ =C()A* = B .
B(Zp k= 1py) 22, a=2,
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where «(a) is the constant given in (H1) and I'(z) := /0°° t*~le~'dt is the Gamma function, is a branching mechanism. Since ¢’(0) = 0,
@ is a critical branching mechanism. Let (B,,P,) be a standard Brownian motion.

The critical super-Brownian motion X = {(X,);»o;P,} that we will use in this paper is an M p(R)-valued Markov process such
that for any f € B} (R),

—logE, (exp{—X,(f)}) =y (v}((t, ')>,

where (¢, x) — uif (t,x) is the unique locally bounded non-negative solution to

t
oX(t.x) = E, (f(B,) - Ey(/o ® (u}‘(z —s, Bs)) ds). (1.13)
Since 1 < ﬁ, by [17, Theorem 1.2] and [18], for any 4 € Mp(R), P,-almost surely, the random measure X, is absolutely continuous
with respect to the Lebesgue measure and the density function
X,(d
Y0 = 200
dx

has a version which is continuous in x. We will always use Y, to denote this version.

For the probabilistic representation of the weak convergence limit via super Brownian motion in Theorem 1.6 below, we will
also need the N-measures of the super Brownian motion X.

Without loss of generality, we assume that X is the coordinate process on

D = {w = (w,);5o : w is an Mp(R)-valued cadlag function}.
We assume that (F, (F;),»o) is the natural filtration on D, completed as usual with the ¥ -measurable and P,-negligible sets for all
u € Mp(R). Let W(’)f be the family of M (R)-valued cadlag functions on (0, o) with 0 as a trap and with lim,}, w, = 0.
Since the super Brownian motion X is critical and that f1°° L di< 00, we see that Pﬁy(X, =0)>0forallz>0and y € R,

@(4)
which implies that there exists a unique family of o-finite measures {N);y € R} on Wg such that for any u € My(R), if N'(dw) is a

Poisson random measure on W(]* with intensity measure
N, (dw) := / N, (dw)u(dy),
R
then the process defined by

)?0 =y, )?, ::/ w,N(dw), >0,
W

is a realization of the superprocess X = {(X,),50; P, }. Furthermore, for any r >0, ye R and f € B;(R),

N, (l — exp {—w,(f)}) =— logE(;y (exp {—X,(f)}) s (1.14)
see [19] or [20, Theorems 8.27 and 8.28]. The next useful result says that for any given ¢ > 0 and y € R, w, has an N,-a.e. continuous
density.

Define

A= {M e My@) : du € C+(R)}.
dx
Lemma 1.1. Foranyt> 0 and y € R, it holds that
N, (w, ¢ A) =0.

The proof is postponed to Section 4. We still use {Y;(x),x € R} to denote the density of w,.
1.3. Main results

We will sometimes use #(A) to denote the Lebesgue measure of a Borel set A C R. Let DRI*(R) (DRI:’(]R)) be the family of
non-negative directly Riemann integrable functions (of compact support). We say that a bounded Borel set A is directly Riemann
integrable if the indicator 1, is a directly Riemann integrable function. It is well known that (i) any directly Riemann integrable
function is bounded; (ii) a non-negative Borel function of compact support is directly Riemann integrable if and only if it is
Riemann integrable and (iii) a bounded Borel set A is directly Riemann integrable if and only if #(dA) = 0. For the definition of
directly Riemann integrable function, see the beginning of Section 2.2. Let B’L'ip(]R) be the family of bounded non-negative Lipschitz
continuous functions in R. For any g € B’L’ip(R), we use Lip(g) to denote its Lipschitz constant.

Theorem 1.2. If (H1), (H2), (H3) and (H4) hold, then for any y € R, g € Bf. (R) and h € DRI:’(R), it holds that

Lip
lim a1 [ 1-F_ - [ expd ——1 h(x)Z,(dx) — —— X ) Z.dx
Pare Viy | &P 1 ! T /8 i)
fa-l 2 ta-1

4
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=—logE, (exp {-Z2(WY,(0) — X, (2)}) -

Remark 1.3. In the special case a = 2, taking » = 0 in Theorem 1.2, we get that

(15 (oo {1 o(3) 0 })

= —logEl;y (exp{-X,(®)}) = N, (1 —exp {~wi(®)}). (1.15)

where in the last equality we used (1.14). Combining (1.10) and (1.15), we get that

. 1 1 X
B St

=CQN, (1-exp{-w;(®)}). (1.16)
It follows from (1.14) and [21, (1.11)] that Ny (w(l) > 0) = C(2)~!. Therefore, by (1.16), we conclude that

. 1 1 X
B e

=N, (1 —exp {-w;(g)} lw(1) > 0). (1.17)

Combining (1.9) and (1.17), we immediately get that (Y, [P) 4 (wy, No(-|w, (1) > 0)).
In the special case « = 2, taking g = 0 and h(x) = 0;?;;) with 6 > 0, A being a bounded Borel set with #(A) > 0 and £(0A) =0 in
Theorem 1.2, we get

. 0 Z,(A)
tlggt(l —E(exp {_Em}>> = —logEﬁy (exp{—HYl(O)}).

Comparing the result above with (1.6) and (1.7) for d = 2, we see the differences between the cases d = 2 and d = 1. In the case
d = 2, there is an extra factor logs in the decay, and also one needs to normalize with log7 instead of \/; In addition, the limit
in d = 2 is related to the Laplace transform of an exponential random variable while in the case d = 1, the limit is related to
super-Brownian motion.

Theorem 1.4. If (H1), (H2), (H3) and (H4’) hold, the for any y € R and any bounded Borel set A with £(A) > 0 and £(0A) = 0, it
holds that

e
lim 12TP 2 (Z,(A) > 0) = —logP; (¥;(0)=0).

=00

Remark 1.5. (i) Taking » = 61, and g = 0 in Theorem 1.2 first and then letting 6 1 oo, formally one expect the limit in Theorem
1.4 to be —log IPéy (f(A)Yl 0) = 0). Under the assumption #(A) > 0, the limit is equal to —log IP’éy (Yl ) = 0), which implies that the
right-hand side of the limit in Theorem 1.4 is independent of A.

(i) When «a = 2, Theorem 1.4 is the 1-d counterpart to the high dimensional result (1.2) and (1.5). We see that branching plays
a more important role in dimension 1 while spatial motion dominates in dimension d > 2. In dimension 1, the limit is related to
the density of super-Brownian motion, while in dimension d > 3, the limit in (1.2) is only related to the local limit of a random
walk (see [1, Proposition 2.1]) and that branching only appears in the constant 7, (see the end of the proof of [1, Lemma 2.10] on
page 14). In dimension 2, both the branching and the spatial motion affect the limit in (1.5) in the sense that the limit requires at
least second moment due to the appearance of 62 and that the exponential term e_%mz is related to the local limit theorem for the
random walk.

For any 7 > 0, we define a measure Z E’) by

£ >z<’><d):=L/f 2 @y
/ y 1 Y tTll \/; ty

The next result is an application of Theorems 1.2 and 1.4.

Theorem 1.6. Assume that (H1), (H2), (H3) and (H4’) hold. Suppose that y € R and A is a bounded Borel set with £(A) > 0 and
£(0A) = 0.
(i) As t —> oo, we have

d
( L 2P (2 > 0)) = (V(0)2.N,(]%,(0) > 0))
2

ta-1

in the sense of vague topology.
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(ii) As t — oo, it holds that
d
(z§’>,P\ﬂy(-|z,(A) > 0)) = (0, N,(-]¥,(0) > 0))

in the sense of weak topology.

Remark 1.7. In the special case « = 2, Theorem 1.6 (i) is the 1-d counterpart to the high dimensional result (1.3). There are
some differences between the 1-d case and the high dimensional case. First there is an extra factor /7 in the 1-d case while no
normalization is needed in the high dimensional case d > 3. Also in the 1-d case, the limit is an absolutely continuous random
measure (with respect to the Lebesgue measure) with density Y,(0) (the density Y, (x) of super-Brownian motion X, evaluated at 0),
while in the high dimensional case d > 3, the limit N, is a random point measure supported on A.

Theorem 1.6 (ii) should be compared with (1.8). (1.8) is about the asymptotic of Z, conditioned on global survival Z,(R) > 0,
while Theorem 1.6 (ii) is about the asymptotic of Z, conditioned on local Z,(A) > 0. As we mentioned in Remark 1.3, in the special
case a = 2, the limit (Y, P) in (1.8) is equal in law to (w;,Ny(-|w;(1) > 0)) which is different from the limit (w,,N,(:|¥;(0) > 0)) in
Theorem 1.6 (ii).

Theorem 1.6 (i) describes the local behavior of the counting measure Z,, while Theorem 1.6 (ii) is about the global behavior of
Z,.

After our paper was accepted, we found that Lee [22] has already studied local properties of critical binary branching Brownian
motion in all dimensions d > 1. In the present paper, our spatial motion is a genaral Lévy process and our branching mechanism is
only assumed to be in domain of attaction of a stable distribution. Moreover, our proof strategies are different from [22].

We end this section with a brief description of the organization of this paper. In Section 2, we give some elementary estimates
involving the standard normal density and about the underlying Lévy process. We also derive an integral equation for the Laplace
transform of Z, and prove the existence and uniqueness of solution for the problem (2.25) below. In Section 3, we give the proofs
of Theorems 1.2, 1.4 and 1.6. In Section 4, we give the proof of Lemma 1.1.

For two functions f(x) and g(x) with x € E, we use f < g, x € E, to denote that there exists a constant C independent of x such
that f(x) < Cg(x),x € E.

2. Preliminaries

2.1. Some estimates involving the standard normal density

o

X

7 is the standard normal density.

Throughout this paper, ¢(x) := \/Lz,e’
Lemma 2.1.
(i) For any A > 0,

sup [$() — by + A)| < (AA V4).
yeR
(i) For any 0 < r < s with s —r € (0, 1), it holds that

)

w2 (5) (%)

Proof. (i) It is easy to check that

2
16/ ()] = 12 Xl < 1.
T

Therefore, noticing that ¢(x) < ;2 < %, we conclude that
v

\/>
SUp [9() =y + A A1 < (AA V).
ye

(ii) For any y € R,

P

}) (2.1)
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If y?4/s — r > 2s, then by the inequality ae= < 1 for all a > 1, we get that

exp{—i—i}<l—exp{—y2(%—2is)})Sexp{—\/slj}S\/:. (2.2)
If yz\/E < 2s, then

=1—exp{—”_r}. (2.3)
r

Combining (2.1), (2.2) and (2.3), we conclude that
L(iJ 2 —qu X SL—L+L \/:+l—exp Vet ,
) TRV r

which implies the desired result. []
The following inequality will be used several times later:

‘1—e_(x+”—x—y‘ <x*+3*, x,y>0. 2.4)

The proof of this inequality is elementary and we omit it.
2.2. Estimates for the Lévy process

We first give a local limit theorem for the underlying Lévy process (§,),»o. Before that, we recall the definition of directly Riemann
integrable functions. For more details on properties of directly Riemann integrable functions, one can refer to [23, Section XI.1]
and [24, Section 2.1].

Let f be a non-negative Borel function. For any « > 0, define

e = ) lpemino®  sup f(2),

meZ z€[mk (m+1)K)
f 0= 2 L mayoy(*) __inf —— f(2).

el z€[mx,(m+1)x)

We say that f is directly Riemann integrable if [ 7. (x)dx < oo for some « > 0 and
k=0

lim /R (7K(x) —iK(x)) dx=0.

Recall that we use DRIT(R) to denote the family of non-negative directly Riemann integrable functions. It is easy to see from the
definition that any h» € DRI*(R) must be bounded. For h € DRI (R), we define |||, := sup,eg |A(x)|.

Lemma 2.2. Assume that (H2), (H3) and (H4) hold. For any f € DRIZ’(]R), it holds that

ViE, (f(&)) = () <7>

n

lim sup =0,
eR

n—co .

[S)

x

2 is the standard normal density.

where ¢(x) = ;2 e

Var
Proof. For any «,9 > 0, define
fes®) 1= sup fo(x+y) and f (x):= inf f (x+y),
lyl<9 =K |yl<8 =K
then by [24, Lemma 2.2], it holds that

lim lim
k=0 9—0

T s = [0 dx = lim lim / |£, () = 00| dx = 0. (2.5)

Let 9 € (0, %) be sufficiently small, then by [24, (2.6) and Theorem 2.7], there exist a constant K > 0 independent of 9 and « and a
constant Cy > 0 independent of x such that for any ¥ > 0,x € R,

1+ K9 — z C8 —
Ey (f(x+&)) - /fK'g(x+z)q.'> - dzs—*/fhg(x+z)dz (2.6)
ﬁ E \/; n(1+6%)/2 »

7
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and that

Eo (f(x+&)) -

\/_ ( St - 19f(x+z))¢<ﬁ>dz

> G d
> — m f(x+ z)dz.
Therefore, by (2.6), we see that

ViE, (£(&) - / Flct 2 <ﬁ> dz
C \ [~
< <K19+na*/2>/f,mg(x+z)dz+/
Cy
<K19+ 52 1)/

Similarly, according to (2.7), we have

VI, (1) - [ 16+ 20 <ﬁ> &z
> 5*/2/f(x+z)dz—K19/f(x+z)¢<\/_)dz—/|f () = (o) dx

(K19+§—/2>/f(x)dx—/)f x)=f (x)‘dx> 1(9,x,n).

Therefore, combining (2.8) and (2.9), we conclude that

VAE, (&) /f(x+z)¢<%)dz
n

< lim I(19, Kk,n)+ lim I(9,x,n)
n—o0o n—oo

=(K19+1)/

By (2.5), letting 9 — O first and then « — 0 in the above inequality, we get

ViE, (f(&)) /f(x+z)¢< )dz

Thus, to prove the desired result, it remains to show that

( )/f(Z)dz—/f(X+Z)¢( >dz

Let E be any bounded interval such that supp(f) C E, then for any x € R,

¢<%>/f(Z)dz—/f(x+Z)¢<ﬁ>dz
=‘¢<%>/f(Z)dz—/f(Z)tlJ(X\;;)dz

< ) - =2 )|dz< e ~
_||fI|°o/E¢><\/;> ¢( \/Z) 2 < AB)f N sup

If |x| < n?/3, then by the inequality e~ — e~ < |b — a| for any a, b > 0, we see that
<! sup

() (7))

< 2 <l sup z ++/3sup|z|> .

T s = £(0)| dx

lim sup sup
n—oo xeR

Tea®) = £(0)|dx +2K9 / Fodx + / |£, 00 = (0| dx.

lim sup

n—oo

lim sup
n—oo XER

x2 = (x —z)?

sup
z€EE

n

On the other hand, if |x| > n%/3, then for large n, we see that

2/3 _ su |z| —00
= )- < /6y 4 ¢ [ L SUPzer 21 ) noey
()0 (5 wormo(==5)

\/;

e

sup
z€EE

— C —
fmg(x)—f(x))dx+ <K19+ ,167’9/2) /f(x)dx =: I(d,k,n).

() ()

2.7)

(2.8)

(2.9)
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The proof is now complete. []

Remark 2.3. We mention here that the non-lattice assumption (H3) is only used to prove Lemma 2.2. If (H3) does not hold,
it is possible to get a result similar to Lemma 2.2. For example, if ¢ is a compound Poisson process supported on Z with
Ey(¢) = O,Eo(zflz) =1, Ey(|¢ I>) < oo and that the support of the Lévy measure contains {n,n + 1} for some n € N, then by [25,
Theorem 13, p.206], for any a € Z, it is easily seen that

o)

Replace the Lebesgue measure £ by the counting measure £, on Z, and for any bounded function f with compact support, define

ZOEDWIO

i€Z

lim sup =0.

n—=0 7

Denote by B/(Z) the class of non-negative bounded functions with compact support. In this case, we see that for any f € B} (Z),

lim sup ViE, (f(&,) - fc(f)d)(%) =0.

n—oo

Then the conclusions of Theorems 1.2, 1.4 and 1.6 remain true if A € DRIj(R) is replaced by h € B} (Z), ¢ replaced by #, and A
replaced by B c Z.

Lemma 2.4. Assume that (H2), (H3) and (H4) hold. For any h € DRI:(R), it holds that

lim sup ViE, (h&)) - [ = )| =o0.
1—00 |, \/;
Proof. We write ¢t > 1 as ¢t = [t] + y with y € [0,1). Combining the Markov property and the inequality \/; — \/m = \/:[\,/Jﬁ < #,

we see that for any x € R,

VIE, (&) - ¢(h)p <é>

e )b () ()

|| lleo z 5% z
* g | VIO “’““”"“’”"’(ﬁ) z("ﬁ(m))“ﬁ(@) |

t zeR
The first term on the right-hand side tends to 0 as t — 0. By Lemma 2.2, the second term also tends to 0 as t — oo. Therefore, it
remains to prove that
+x
(0(55) (5 e (o (55)) -+ (3)
Vi Vi Vi Vi
[
Vin Vi

Note that for |x| > r2/3,
12/3 —\/t —00
<P (suglixl>\/?>+¢<—\/)+¢( 1/6) 22, (2.11)
s<

£
VINE: (h(&,) —f(h)qs( 4 >
f \/m

+ Z(h)sup |E

zeR

lim sup

= lim sup
=00 xeR

=00 xeR

=0. (2.10)

+
w(o(5)) (3 )
[1] Vi
Vi
For |x| < 23, by the inequality e — ™| < |x2 — y?|, we have
w5))-4(3)
Ey| ¢ -\ —
1 2 /3 1
< Ey (& +21¢,11x] ) + <
2AV27 °< v ) 2v/22l1] 2[t]\/ﬂ
3 oo
(1+23) + 1A e

1
s —_— —_—
2010V 27 24/22[1]

Combining (2.11) and (2.12), we get (2.10). The proof is complete. []

x2 = (& +x)?
2[1]

+ X (11
Vaz \200 2
(v +24/71*3) + i

2@[:]

SLEO(
N

(2.12)
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For h € DRI/ (R), define

e(h) := sup [VIE, (h(&)) —¢(d | == || and &(h) = supe,(h). (2.13)

xeR \/; q>t
By the definition we easily see that, for any 7 > 0, ¢,(h) < \/;llhlloo + %. By Lemma 2.4, we have sup,. ¢,(h) + sup,s &(h) < oo and
tl_l}l’glo g (h) = tllglo €,(h) =0. (2.14)

Since Z(h)p(xt~1/?) < f(_ﬁh) for any x € R, we have that, for any » € DRI*(R) and g € Bzip(R),

Clg,h) = llgllw + sup VIEL(h(&)) < . (2.15)
xER,>0

Lemma 2.5. Assume that (H2), (H3) and (H4) hold. Let h € DRIC*(IR{) and g € BZIP(R).
(i) For any t,r >0 and y,z € R, we have

e(h)  VIy—zl

+

\/; 1374

ol () el (5)

(ii) For anyt> 0,0 <r<swiths—r € (0,1) and y € R, we have

Vi[E ; (hE) ~ E (&)

where

S

VI[E 3, (h(E) — E. ()

and

Sly—zl.

< Gp(r,s;1),

Gp(r,s;1)

T e )

Furthermore, for any t > 0,0 < r < s and y € R, it holds that

i i
) )
Proof. (i) The second inequality follows easily from
() re GG (b o) ()

<Lip@ly -zl S ly—zl
Now we prove the first inequality. By the definition of ¢,(h), we have

)2
|

)

2e,(h)  £(h)
Vi[B (&) ~ B ()| < VAR 2.16)

Applying Lemma 2.1(i) and (2.16), we get the first inequality in (i).

SEm(

(ii) By Holder’s inequality, we have

e (+(%)) -2 ((%))

< Lip(g)E b
“@w<w w)

The second inequality follows immediately. Now we prove the first inequality of (ii). Combining Lemma 2.1 (ii) and (2.16),

() -w(%)

10

(5

érr 5!5

etr(h) + et:(h)

v

<

Vi [E 7, (&) — E 7 ((E) +Eh)
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€, (h)  €(h) 1 1 1 Vs—r
L—+—+7/)| — = —+ — -r+1- - ,
VAN ”<w v f( “"{ : }>>

which implies the desired result. []
For x € R, define
thi=inf{r>0:& >x}, t :=inf(r>0:¢& <x).
The following result on the overshoot of ¢ is proved in [16, Lemma 2.1].

Lemma 2.6. Assume that (H2) holds.
() If Eo (((=£)) V0)*) < oo for some A > 2, then

A=2
sup Ex ( grU’

x>0

(i) If Eq (6, vV 0)*) < oo for some A > 2, then

)<oo.

supE_, (5:;2> < 0.
0

x>0
2.3. Evolution equation for (Z,),5

In this section, we always assume that (H1)-(H4) hold.
For any f € B*(R), define

Uf(t,y) =1-E, <exp {—/Rf(x)Z,(dx)}> .

The next lemma gives an integral equation for v,. Using [26, Lemma 4.1], its proof is standard and similar to that in [21, Lemma

2.1], and so we omit it. Define

w(v) :=ﬁ<2pk(1 —ok—(1- u)), velo,1].

k=0

Since Y77 kp, = 1, by Jensen’s inequality, we have that

w2 p((1-0)Z % (1 -v) =0.

Lemma 2.7. Foranyt>0,y €R, v,(t,y) solves the equation

t
vs(t,y) :Ey (1 —e_f(él)) —Ey </0 w(vf(t—s,«fx)) ds) .

For any 7,r > 0, we define
&
Vi

For any h € C}(R), g € BLP(R), t,r >0 and y € R, we define

a 1
() 1= ta- = (1) .
w'(v) ._tall’/(y[ 1), &=

. 1
FO0) = 11 —h() + +g<7> ”g,)h(r’ Y) =T o V).
t

ta-1_2 ta-1
(1)

With a slight abuse of notation, we will use the same notation P, to denote the law of &, starting from f:g) =y, ie.,

’ (1
EO,p) = <@5tr"’m>~

It is well-known (for example, see [21, Lemma 2.14(ii)]) that, under (H1), for any K > 0,

Jim v () = C(a)v® uniformly for v € [0, K].
— 00

Lemma 2.8. There exists a constant C, € (0,00) such that
1
wOw -y Pw)| < C, @ + 0" Hu—v], Vuve[0,1T], Vi>0.
In particular, we have

1
yOw) <C, 0" Voel0taT], Vi>0.

11

(2.17)

(2.18)

(2.19)

(2.20)
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Proof. We first prove that there exists some constant C,, such that
lw' )| <C,v*t, Yo elo1l. (2.21)

First, using ;> | kp; = 1, we have

oo © k=2
v/ ()] = <1 - Z kp(1 - v)“) =po Y kp <Z(1 - u)f)
= k=2 Jj=0

= pv 2(1 —vy Z kpy. (2.22)

k=j+2

Under (H1), we have Zk:n pr S n® for all n > 2. Thus, for all j >0,

z kpe=G+1D Z P+ Z an

k=j+2 k=j+2 k=j+2 n=k
j+1
< = Z — = (2.23)
G+2) e k“

Combining (2.22) and (2.23), we conclude that for all v € [0, 1],

[} e}

’ : 1 v k-1

elsoXa-v ¥ o= -a-o).
Jj=0 k=j+2 k=2

Together with the inequality 1 — (1 — v)*"! <1 A ((k — 1)v), we obtain that for all v € [0, 1],

)

, L ~ oc:L B 1/v 1 /ooL
'] 5 Y, 720k 1)u))5/] xa(l/\(xu))dx—u/l et bl L

k=2 X

which implies (2.21).
Now we assume that u < v. Then there exists # € [u, v] such that

w0 - v )| = 1= ‘u/(ur‘rll) - w(vt—ﬁ)'

L
=tlu—v| |y (pt"=T)

-1 -1
SCn*Hu—v| S Cv" u—ul,
where in the second to last inequality, we used (2.21). The proof is complete. []

Lemma 2.9. For any h € DRI}(R) and g € Bzip(IR{), it holds that

(t) (r y)—ta 1 E <1—exp{— 11 lh(\/;«fft))—ng(éy))})
ta-172 ta-1
-E, </0 w® (U:’)h(r— s, §§'>))d5> .

Proof. Combining (2.17), (2.18) and Lemma 2.7, we get that

o0 (r.) = 17TE, <1 ~exp {_t‘lé h(Vig®) - t; g(fﬁ”)})

T (/Otrw (o0, =5.)) ds>
= 17K, (1-exp { -/ O(Vie } ) — 177K, (/O v (o0, 0r— 5. ViE")) d )
= 1#TE, (1-exp {-rOVie"}) - rE, </O w (00 r =15, V1)) ds)
= 1#TE, (1 —exp {—f(’>(\/;§£’))}) —17TE, (/Orw (t‘aITI ol (r = s,if.’))) dS> :

The desired result now follows immediately from the definition of w®. [

2.4. Initial trace theory

For any open set U C R, we denote by C(U) the family of non-negative continuous functions with compact support in U. Denote

by B:feg(R) the space of positive outer regular Borel measures. Suppose that A C R is a closed set and that # is a non-negative Radon

12
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measure on A°. By [27, pp.1452-1453], the pair (4, #) can be represented by the following measure y, ,, € B}, ,(R):

reg(

_f o BNA#G,
Yan(B) "{ n(B), BNA=.

Define the set of regular points of y, ,, by
Roap = {x ER:ypp((x—2z,x+2)) =00, Vz> O}c .

For any closed set A c R and non-negative Radon measure # on A¢, consider the problem
~X a
(ro = (0% 0 (r3) € 0.00) xR,
{xeR:vz>0 timy 776X ropdy=oo} =4 (2.24)
Vf € CH(A), lim, o [ f(»D* e )(", ndy = [ f(»idy).

9 X
or (An)( )= 0y2 (A>

Define A := {x /\/5 : x € A} and let  be the Radon measure on A¢ such that
1 A
/ Jomy) = ——— / F(V2p)iy).
x 2C(ayeT JA
Consider the problem

Lok D =150 ) =g (vX,29). () € 0.0 xR,

{x ER:Vz>0, limrw 0K )y = oo} = A (2.25)

Vf € CHAY), lim,yg [ f0f, (r.y)dy = [ f()n(dy).

It is easy to check that

0 ro0) = — 0% < L)
(An) Cla)T (A.h) \/5

is a one-to-one correspondence between the positive solutions of (2.24) and the positive solutions of (2.25). According to [27,
Theorem 3.5], (2.24) has a unique positive solution ﬁ(’; A)(", y). Consequently, the function v (r,y) defined above is the unique
A

solution of (2.25). We call (A, ») the initial trace of the solution v(); "

In this section, we give a probabilistic representation of the solution v

(A

A To avoid too much measure theoretic details, we only

deal with the case when A is a bounded closed interval. In the special case @(4) = %12, a probabilistic representation via Brownian
snake was given by Le Gall [28, Theorem 4].

Recall that X is a critical super-Brownian motion with branching mechanism ¢ given in (1.12) and {Y,(x) : 1> 0,x € R} is the
density process of X which, for all y € R, is IP’5 -almost surely continuous in x for all 7 > 0. Let v¥ " is the solution of the PDE
problem (2.25).

(A,

Proposition 2.10. Suppose that A = [a,b] C R is a bounded closed interval and n is a Radon measure on A¢. Then for any r > 0,y € R,
03 =~ logE, (1 om0, waenre Yr<2>*1<dz>) . (2.26)
Before presenting the proof, we first recall the notion of m-weak convergence from [27, Definition 3.9].
Definition 2.11. Let (4,.7,) be a sequence of initial traces and (A,#) be another initial trace. We say that the measures y Apt)
converge m-weakly to the measure y, ,, if the following two conditions hold:
(i) If U c R is an open set with Y U) = oo, then lim,,_, ., Yty U) = 00

(i) For any compact set K C R A the sequence of y Ay KO is eventually bounded, i.e., there exists N € N and C € (0, o) such
that y, , y(K) < C for all n > N, and for any ¢ € CF(R(4,,)), lim,_, J 0y @x) = [ )y (4, (dx).

According to [29, Section 2.1], if 4, , , converges m-weakly to y(, ,, then for any r > 0 and y € R, vX

ntn

Ay )(r, y) converges to

Uia, ﬂ)(r y) as n — co. Now we are ready to prove Proposition 2.10.

Proof of Proposition 2.10:. Step 1: In this part we consider the case that A = @. It is well-known that for any r > 0, Y,() is

compactly supported (to see this, one can fix x and ¢ and let the constant A in [30, Lemma 4.3] tend to o). Therefore, by the
Markov property and the dominated convergence theorem,

X 1 X —_1 —
Vg (oY) = lslf{)‘ Vg5 9) = lﬂ}} log 5, <e"p{ / Vg (s> DY (2)dz })

13
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= —logE(;y (ls%l exp {—/ v();m(s,z)}’,(z)dz}> = —log]Eéy (exp {— / Y,(z)n(dz)}) s

which implies (2.26) in the case A = §.
Step 2: In this step we consider the case that A C R is a closed subset and that # is a Radon measure on A°. Define 7,(dx) = 1 ,dx
if #(A) = b—a # 0 and n,(dx) = 6,(dx) if A = {a}. For each n, define

A, =0, B,:= {yER : dist(y, A) < %} and 7z, = nr]A+11|B’c1,

then for any #, 5, is a Radon measure on R. By the result obtained in Step 1, we have

O, (T 9) = —10gEs <6Xp {—/ Yr(zm(dz}}>
= —log E{;y <exp {—n/ Y, (2)n4(dz) —/ Y,(z)r](dz)}) . (2.27)
A B¢

Since B{ t A° as n — co, combining the dominated convergence theorem and (2.27), we see that
Jim oty oY) = —logE; (1{ [y Yo (2na(2)=0) EXP {— /A . Y,(Z)n@Z)})

= —logIE,;y (1“,,(1):0, vzeA) €XP {—/Y,(z)r](dz)}) s

where in the last equality we used the fact that the support of , is equal to A and that the support of 7 is a subset of A°. Therefore,
to complete the proof, it suffices to show that (4,,#,) converges m-weakly to (A, #). Now we check the conditions in Definition 2.11.
For (i), suppose that y, ,,(U) = oo for an open set U C R. If UN A # @, then by the definition of n,, we can find a Borel set BC Un A
such that #,(B) > 0. In this case,

n—0oo
n,(U) 2 n,(B) = nns(B) — oo.
On the other hand, if U n A = @, then
n(U) = 0o = y(U N A%) = lim n(U n By) < lim #,(U),
n—oo n—o00

as desired. Now we check (ii). Note that R, , = A°. For any compact set K C A¢, 1,(K) = n(K n B;) < n(K) < oo is bounded.
Besides, for any ¢ € C}(A¢), by the monotone convergence theorem,

lim / dY (A, (dX) = lim / $(n(dx) = / H(x)n(dx) = / D)4 (dX),
n—oo n—oo BS AC

which implies (ii). This completes the proof of the proposition. []

Remark 2.12. We will need the following result later: for any r > 0,y € R,

. X _ _ B
21_1)1(1) U([—g,s],O)(r’ y) = 11_r}r(1)10g E&y (Y,(x) =0, Vxe[ 6,6])
=000 ¥) = ~logE; (Y,(0)=0). (2.28)

To prove (2.28), we only need to show that y_, . o) converges m-weakly to y((o; o). Condition (i) of Definition 2.11 is easy to check
since ¥(_, 1.0)(U) 2 ¥((0),0/(U)-. For (ii), for compact set K C R (9) 9 = R\ {0}, let g, > 0 sufficient small so that K C [~&, o]°. Then
Y(-e.e1.0)(K) = 0 when ¢ < g. Furthermore, for any ¢ € CF(R\ {0}), suppose that the support of ¢ is a subset of [~¢, £,]°, then for
any & < g, it holds that [ ¢(x)y(j_, ¢1.0(dx) = 0 = [ ¢(x)y((0).0)(dx). Hence (2.28) is true.

3. Proof of the main results

In this section, we always assume that (H1)-(H4) hold.

Lemma 3.1. Let h € DRI} (R) and g € Bzip(]R), and let U?h be given in (2.18). Suppose r > 0. Then there exists a constant C, = C,(g, h)
such that for any t > 1,y € R and s € [0, r],

a—1 a—1 1
By (00 =560) ) < (B, (s -560)) < (s aret) 3D
and that
C
B, (w0 (5. e)) s — S 62)

T =)@ D2 fr

14
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Proof. The first inequality of (3.1) follows directly from Jensen’s inequality. Now we prove the second inequality of (3.1). Combining
Lemma 2.9, (2.15), (2.19) and the fact that 1 — e~*| < |x|, we get that forall 7 > 1,y € R and r > 0,

o) < VI, (A(ViED)) + E, (62)

e, h))
< AWl + liglle) S —= A VE. (3.3)
( Vr Vr

Therefore, combining (3.3) and the Markov property, for any t > 1,y € R, s € [0, r],
E, (00,0 5.67) <E, (ViE (M\f 1E0)) +Eo (€2,)))
= VIE, (h(ViE")) + B, () 5 \[ AL

which implies (3.1). For (3.2), combining Lemma 2.8, (3.1) and (3.3),

£y (0 (sy0-0)) 58, (02 )

! (e6, 0= 5.6m) 5 !

S — _
~ (r = s)@-D/2 E, (r— S)(a—l)/Z\/;
The proof is now complete. []

Recall the definition of €;(h) defined in (2.13).

Proposition 3.2. Assume h € DRI+(R), g€ B H»®) and T > 0. Let u(') be defined as in (2.18).

(i) There exists a constant N, = N,(g,h,T, u/) > 0 such that for all t > 1,r€(,T]and y,z € R with |y —z| < 1,
~ 1
(f) (r y) — U(t) (r z)| < 3—/4 <€\ﬂr(h) + v |y | + 1/4> (34)
(ii) There exists a constant N, = Nz(g, h,T,y) > 0 such that forallt > 1, r € (0,T], g €(0,1) and y € R,
(t) (" )= U (r +4q, y)| 3—/2 <E\[r(h) + ql/g + 1—/4> (3.5)

Proof. (i) Without loss of generality, we assume that y < z. Combining (2.4) with Lemmas 2.8 and 2.9, we get that for all
t>1,y,ze€Rand r € (0,T],

o)) = 00, (r.2)|
1

= 1‘20711 (Ey (hz(\/;fy)))+Ez (hz(\/;fﬁ’)))) L( (g (é(’)))+E (g2(§£z>)))

fa—1_ ta-

E, (h(V1ED) — E,,,_.(h(\/1 §<’)))| + sup E.(8E") -~ E ., z(g(i(’>))|

+ C"’/o <Ey <(u(f)h(r— s,§§r>)> ) +E, <(U<t)h(r— S,§§’>)>a_l>>

Xsup‘ ()(r—s x)—vm (r—s, x+z—y)|ds

+ tsup

Define

sz_y(r) sup ’ o? (r x) — vm (r, x+z-— y)l .

Combining Lemma 2.5(i), (2.15), (2.19), Lemma 3.1 and the fact that ﬁ > 1, we conclude from the above inequality that for any
»z€R,re(,T]and 7 > 1,

/<L & Vv L [T
FL (s \/I_rAl - < 7 T AL S 3/4 AVI+ly—z =7z |, FL (s)ds.

Define GZ y(r) = = fe-D/2F, (r) Then there exists a constant K, = K,(g, h,w,T) € (0, ) such that for all y,z € R with |[y—z| <1,
t>1andre(0,T],

h \V
GI_(n < Ky Lol (e® Vivod |y AVi+ly -z
tr ! \/;

-
1
+ K, /0 e 1)/2 (s)ds

B
1
=: af(r)+K1/0 oo 1)/sz (s)ds.

15
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It follows then from Gronwall’s inequality that for all y,z € R with |y—z| <1, > 1 and r € (0,T],

P r r 1 af(s)
Z_y(r)gaf(r)+K1/0 exp Kl[ qu S((t——l)/st

< " oap(s)
Naf(r)+ o S((I——I)/st. (3.6)

Note that
h \V
ap(r) S re D2 el (a Vi |y A+ 1y -2
v
canp( 1, VT e \/|y—z +T3/4\/|y—z|
N ,1/4\/; ,1/4\/; \/; F3/4 13/4

) r(a_l)/2< L e V=l > 3.7)
RV /374
and
re"‘—(h)dsﬁ/ &, (h )ds<supe,(h) OO —ds+€\[ (h)/ —ds
[ [ < NN
SVT o + VT 0 s S+ 2. (3'8)

Therefore, combining (3.6), (3.7), (3.8) and the fact that ¢,.(h) < ?\ﬁr(h)’ we see that for all y,z € R with |y—z| < 1, > 1 and
re0,71],

Gf_y(r)
< a2 LI €, (h) + Viy -z + / / ,;(h) / \/Iy—z
~ 11/44/r NG P34 0 ,1/4\/‘ TS
a— 1 (T —
S"( 1)/2"37<117+T1/4€\/'(h)+ |y_Z|>
weny2 T2/ cq) (29T 14
grebp 2 ) + m+e\m(h) +4T'4 /|y — 2]

F3/4 1174
1
< pla=n/2, m( 7 +€\/r(h)+\/|Y—z|>,

which implies (3.4).
Now we prove (ii). Define

SN e 0 0

Fl(r) = igg ‘vgv,,(r, x) = v (r+q, x)‘ .
Then combining (2.4), Lemmas 2.8-2.9, and +1 > 1, we get that for all y e R,q € (0,1), > 1 and r € (0,77,
( (RPViE™) +E, (RVie)))

+ = (B, (£¢) +E, (g Ci8)
ta—1

(1)
o) = o0, (r+ .9 <

t sup

)+ Visup [E, (h(ViED) — B (h(ViD, )|
0)) — Ex(g(gﬁﬁjq))( +E ( (t) (”)h(r +q-—s, 550)) ds>

xeR
,
E, ( /0 w® (U&(r—s,éﬁ”))dx)—Ey ( /0 w® (vg}h(r+q—s,6§’)))ds>

<E, (RO + B, (RO0))) + 218 + B (h(Vigl,)|

—+

r+q
E,(2(6") ~ E((2(&1,)| +E, ( [ v (o ra-sam) ds)

" a—1 _1 .
+Cu//0 <Ey <(U(gt?h(r— S,fif))) > +Ey (( () (r+q —s, 5(1))) )) qu(r— s)ds.

Combining Lemma 2.5, (2.15) and Lemma 3.1, for any ¢ € (0,1),# > 1 and r € (0,71,

+ sup
xeR

A 1 1
Eln s —tr/\1+7+G,,(r,r+q;z)+\/Z

16
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1 1 1 PN
d F/(s)d
" \/V+q[ S T T T ./0 o (08
1

1 L G-o0p 1 "pr
S—Al+=+Gu(r,r+q;t) + g+ —q® V2 4 F/ (s)ds.
- : \/_ \/; HaDj2 [, "4

Define 6{(0 = r(”‘”/zﬁ{(r). Then there exists a constant K, = K,(g, h, T,y) such that for all g € (0,1),t> 1 and r € (0,T],

r
Af (a=1)/2 T 1 pf
G, (r) < Kypr ( er1+ +Gh(rr+q,t)+\/a+\/; +r("“)/2/0 Fq(s)ds)

~f
Gy (s)

= Q i Rl

=: af(r)+K2/0 S(a_l)/zds.

Therefore, by Gronwall’s inequality, we get that for all ¢ € (0,1), > 1 and r € (0,77,

~ N r " J ap(s) q
< _ A
Gq(r)_af(r)+K2/0 exp{Kz/S q(a—l)/Z q} @72 s
roae(s)
~ f
< S
Naf(r)+/0 s(a_l)/zds. (3.9)

Using an argument similar to that leading to (3.7) and the fact that (3 —a)/2 > 1/8, we get that for all g € (0,1),# > 1 and r € (0,T],

ap(r) s reh? L 4 VT + Gy(r, r+q,t)+\/_ 18+ —q!/8
AT VAl

< Ha-D/2 1 NI SV 1
Sr <11/4\/; +Gy(r,r+q;0)+ Wq . (3.10)

Moreover, by the definition of G, we know that for all r € (0,T],q € (0,1) and ¢ > 1,

&.(h) 1 Va
Gu(r.r + ;t)< L oy +
e Vr <\/r(r+q(\/7+\/r+ ) \/r+q<\/‘_1 r >)

h
e\[r( ) g8 s o L

v 7+\7(1+1)q 7 (Epm+a”). 3.11)

Combining (3.10) and (3.11), we see that for all 7 > 1, r € (0,7] and q € (0, 1),

1 1 ~
~ (a—1)/2 1/8
af(r) sr 2. _’.3/2 <t17 +ta / + E\/;r(h)> : (3.12)

Using (3.10), we get that for all 7 > 1, r € (0,T] and q € (0, 1),
rae(s) [ r ro1/8
S q
—ds < ds + G,(s,s+ q;)ds + —ds
/0 s=D/2 ./o 11/4\/§ 0 g 1 0 \/E

.
<L Gy (s, s+ q:0ds + q'/8. (3.13)
/4 o

Note that by (3.8),

r " 28, (h) | 1 1 -V
G (s,s+q;t)ds§/ m—ds+/ —_—— + < g+1—e s ) ds
/0 h 0 \/E 0 \/E s+q \s+4q \/_

Ve
g+1—e s >>ds (3.14)

5<L+z (h)>+/r AN — (
A NN A

and that

{(gral )

—2(\/_—M+\/_)+ ( Vatl—e \f))ds

rVql/4
<2 q+2/ / \/_
\Vs+q ql/
S2q1/8+4\/q+q]/4+(\/a+q]/4)/ 7dssql/s. (3.15)
0 N

17
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Combining (3.13), (3.14) and (3.15), we get that for all > 1, ¢ € (0,1) and r € (0,T1,

roae(s)
f 1 1/8 < Ja=1)/2 o 1
./0 GpB S te a5 r37 s

Now combining (3.9), (3.12) and (3.16), we get (3.5). [

+q1/8 +E\ﬂr(h)> . (3.16)

By (3.3), we see that for any r > 0, h € DRI:(]R) and g € BJLr[.p(R), we have SUP e 1> 1 Ug)h(” y) < co. Therefore, by a diagonalization
argument, for any sequence of positive reals increasing to oo, we can find a subsequence {#, : k € N} such that lim;_,  #, = o0 and
that the following limit exists:

klim o ")(r y) = ;‘h(r, y), forallre@Q, :=(0,0)nQ,y € Q. (3.17)
Of course, the choice of {t,} may depend on the functions » and g. Using (2.14), taking ¢ = ¢, in Proposition 3.2 first and then
letting k — oo, we see that UXh(r ) is continuous in Q, x Q. Now for each r > 0,y € R, for any sequence {(r,,,y,),m € N} c Q, xQ
with r,, — r and y,, > y as m — oo, we see that the sequence of { 2T V)i m € N} is a Cauchy sequence. Therefore, for each

r>0and y € R, we can define

vRp(ry) = O3 o Y-

lim
s Ym)EQp XQ,(r 1Y) = (r,3)

Our next result shows that (3.17) also holds for all r > 0,y € R.
Lemma 3.3. The limits (3.17) holds for all r > 0 and y € R.

Proof. Let (r,,,y,) € Q, x Q be such that (r,,y,) — (r,y). Without loss of generality, we assume that 2r > r,, > %r for all m. Then
by Proposition 3.2 with T = 2r, there exist positive constants N; = N,(g, h,r,y) and N, = N,(g, h,r,y) such that

|3 = 0 )| <o a3 = 0 e )| + 05 ) = 005 )|

(r) ()
+ Vg Fs V) = 0, (r, y)‘

(fk)(r

< [oXyry) - vg,,,<rm,ym>1 |0 e v = 05 )|

23/4 1 N,2 3/2 s, 1
+r— iy M+ Vlry —rl+ 2 1/4 Ry € irpn M+ 1y =l t17 .
k
Letting k — oo in the inequality above and using (3.17), we get

hmsup|v NG y)—u(tk)(r y)‘

23/2|y _ y|1/8

23/4
< |U§fh(r,y)—ugf,,(rm,ym)(+WNl\/Irm—rHNz 57
Letting m — oo, we arrive at the desired result. This completes the proof of the lemma. []

Define

ngyh(dx) 1= C(h)6y(dx) + g(x)dx.

Proposition 3.4. Any subsequential limit vg‘ 2 9) of {v (’) AGSIIEA equal to the solution v (r, ) of (2.25) with initial trace (#, 1, ;)

whose probabilistic representation is given in Proposition 2. 10

Bng

Proof. By the uniqueness of solutions to (2.25) and Proposition 2.10, we only need to prove that any subsequential limit v; 2y
is the solution of (2.25). We divide the proof to two steps.

Step 1: In this step we derive the integral equation for any subsequential limit v; (- ¥). Noticing that ﬁ > 1, by (2.4), for any
r> 0 and y € R, it holds that

(+TE, (1 ~exp {— S h(ViED) - +g<55’>>}> — VB, (h(Vig")) - E, (s)
ta-1" 2 ta-1

lim sup
=00

ta-l fa-1

<timsup (11l x “E2 4+ Ly ) = (3.18)
t—00 ﬁ

where C(g, h) is defined in (2.15). Note that by (2.19),

ViE, (R(/iED) ) - f\(/’i) ($) = # (x/‘rEJyh(:,,) — et (%))

18

=00

1 l
<hmsup<2 E, (RP(/ig") + “E, (¢ (¢<'>))>
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Thus by Lemma 2.4,

. ( e, (v
lim VI, (Vi) ) = v (\/;> (3.19)

By the central limit theorem we know that é(') converges weakly to B,. Then, combining (3.18) and (3.19), we get that

lim 17T E <l—exp{— 1 h(V1e®) - 1 g(g<’>)}>
t—o0 [ r L
te-1 2 ta-1

Z(h) y
= L )+E, (eB)). 3.20
\/;¢<\/;>+ y (8(B)) (3.20)

Now letting ¢ =7, in Lemma 2.9 first and then k — o0, by (3.20), for any r > 0 and y € R,

vﬁh(r, »= f\(/fi)qﬁ ( \/_) +E, (¢(B)) - lem E, </0 we) (vg"h)(r -5, 531‘))) ds) . (3.21)
r 0 ;

Combining (2.20) and (3.3), for any ¢ > 0, there exists N € N such that for all s € (0,r —¢) and y € R,
(=00 (050 = 5.9) <y (68 -s5.0)) <0+ 00 (040 =5.9), (3.22)

where ¢ is the function defined in (1.12). Thus, for kK > N, we have

E, </0 W(fk)( (Ik)(r 5,6 )a ) ) >E, (/0 llf(t")< (tk)(r . é(xk))) >
> (1- o, ( [ o (de-sa)a ) (3.23)
0

Similarly, combining Lemma 2.8, (3.3) and (3.22), we get that for k > N,

E, (/0 W(rk)( (’k)(r s, 5(71())) )
<(+eE, (/_ ( “k’(r s, 5““)) )+c,,, / < ¢ ) ds
0 r—e r—s

=(1+oE, (/0 ) ( 0 — 5,6 d ) >+f(e), (3.24)

where C is a positive constant, and f(¢) is a function of ¢ satisfying lim,_, f(e) = 0. We claim that for any r > ¢ >0 and y € R,

klir&Ey </0 @ (UZI;!)(,« -5, ';E’k))) ds> =E, </0 1% (U?,h(" - S,BS)> ds> . (3.25)

To prove (3.25), fix two large constants R and T > r, since u;‘ ,(r»y) is continuous in (r,y) € [, T]1 X [-R, R], for any y, € (0, 1),

thereexist Le Nandry=e <+ <r; =T, yy :=—R <+ <y, = Rsuch that max,e(; ;) |r; =risi| <yoomaXeeqi 1y lvi = vicil <70
and that
max max vxh(r,-, Vi) = UXh(r, y)‘ <7- (3.26)
ij€{L.....L} r€lri_yrily€ly;_1.y;1 1 & &
Now we take N, sufficiently large so that when k > N,
max (tk)(r y) — Ugh(r y)‘ <7p- (3.27)

re{ro,....rp Lyelyo....yr}

Combining Proposition 3.2, (3.26) and (3.27), we get that, if k > N, then for any r € [¢,T], y € [-R, R], suppose that Fig-1 ST <7
and Vig-1 SV <5, for some iy, j, € {1,..., L},

(f ) !
53 = 0¥ )| < ro+ [0k o = X v

t t
< 2m + | = o8 v,,)|

N, 1 N2 /8 1
<2y0+ e\/jg(h)+,/|y—yj0|+1—/4 + — =5 e\/ig(h)+|r—r‘ +1_/4
t
k

k
18, Ny N, s, 1
<2y (m"{‘ 3/2>(€f5(h)+y +t17 .
k

Note that lim,_, € Vie (h) = 0 by (2.14). Therefore, for any y, € (0, 1), there exists a constant C' = C’(¢, T, R) such that when k is
large enough,

1/8
ok - v, | 'y,

19



H. Hou et al. Stochastic Processes and their Applications 192 (2026) 104834

for any r € [¢,T] and y € [-R, R]. Therefore, combining (3.3) and the fact that |p(u) — @(v)| < C, . |u—v| for all u,v € [0, %], we

obtain that for any y € (0,1), R>1and T > r,
lim sup

T (10, T 0
msup [E (/O o (v —5.6))d )—Ey</0 w(g,.(r—s.f:w)d)i
. e C )
< 2lim: p R)d
< lﬁtp/o <p< r_s> y<|§s | > ) s

e
. (’k) (1) X (1)
+C,, limsupE, (/0 D= 5,8 = 0¥ = 5.¢] )| 1(5§,k>€[_R‘R”ds>

k—oo

r—e J0,R?
SZ(p(%)/ S;y ds+Cp 'R —6) "5 0.
£ 0

By the functional central limit theorem we know that (éﬁ”)oqg_6 converges weakly to (B)y,<,_¢, thus (3.25) is valid.
Plugging (3.25) into (3.23) and (3.24), we conclude that for any ¢ > 0,

(1-9E, </0 @ (U;(,h(" - s,BS)> ds)
< llll(‘lllcgtE </0 w (v;t,"h)(r—s,égt"))) ds) < liﬂngy </0 q/(’k>( (tk)(r s f(t"))> >
<140k, (/ . o (X0 =, BS)>ds> + /().

0 .

Letting £ | 0 in the inequality above and plugging the resulting inequality into (3.21), we get that for any r > 0 and y € R,

X AW To(x
0¥, (ry) = NG —=¢ < \[) +E,(s(B) -E, (/ o (VX0 = 5.B) ds> : (3.28)
0

Step 2: In this step we show that (3.28) is equivalent to (2.25) with initial trace (, Ng.n)- Combining (3.28) and the Markov
property, we see that for w € (0, r),

Uﬁh(r,y)+Ey </0 (p(Uﬁh(r—s,Bs)> ds)
_Z(h "
= \(/;)qf)(\/;) +E,(g(B,) - E, </w @ (U;h(r— s,BS)> ds>
f(h) r—w
\/; ¢<\/;> +E (EBw(g(Br—w))_EBw (/0 (p(U;h(V—S, Bs)) d5>>

_ (b £(h) B, y
= \/;¢<\/;> Ey<m¢<m>>+Ey(vg’h(r—w,Bw)). (3.29)

Routine computations yield that

() (2()

_th e L /exp{_ rz +2_y_2}dz
\/g \/; m 2wir—w)  w 2w
_Zh PRI _ 1 / {_ r r-w 2_y_2}d
\/Z ( \/; A /Qﬂw(r —w) exp 2w(r — w) (Z r y) 2 [
=0. (3.30)

Therefore, combining (3.29) and (3.30), we conclude that

0¥ () +E, </ o (VX0 = 5.B) ds> =E, (vX,0-w.B,)). (3.31)

For any fixed w > 0, set u(r,y) := v h(r + w, y), then we see from (3.31) that u solves (1.13) with f = v h(w -). Now it suffices to
check the boundary condition. By (3 28), for any j € C}(R) and any r > 0,

[ 0wy

= ¢(h) / J(J’)— <%>+ / JOIE, (g(B,) ds - / JOIE, < /O <p(u;{,,<r—s,Bx))ds) dy

20
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= ¢(WE, (j(B,) + / JOIE, (2(B,)) ds — / JOIE, < /O o (X, =, Bs>)ds> dy.

Since lim, o Ey (j(B,)) = j(0) and lim, o [ j(»E, (g(B,))ds = [ j(»)g(»dy by the dominated convergence theorem, to prove the
desired result, we only need to prove that

lrilrg/j(y)Ey </0 ® <U§€h(r -5, Bx)> ds) dy =0.

Combining (3.3) and the definition of ¢, we see that
. " X _
/ JOIE, ( /0 o (u2,0—s. Bs>)ds) ay

P
. 1
5//(Y)Ey /0 ﬁUih(r—S,Bs)dS dy

V=)

[ 1 . X .
_/0 (r— )@ D72 /J(y)Ey (Ug~"(r S’BS))dyds

' 1 . £(h) B,
S/o (r—s)(“_l)/z/ IR P\ s ) R B s (3.32)

where in the last inequality we used (3.28). Combining (3.30) and (3.32), we get

/j(y)Ey (/0 (p(ugh(r—s, BS)) ds) dy
' 1 INTIOWE:
S a2 — - « | dyd
/0 (r_s)(a—l)/Z/J(y)< \/;¢(\/;>+|Ig|| ) yds

"1 . .
- [ e (comkgamy + e [ o)

r rl0
< (f(h)||j||m+f(j)||g||m)/0 !

—S(a—l)/Z ds — 0,

which implies the desired result. []

Proof of Theorem 1.2. Theorem 1.2 follows directly from Proposition 3.4. [J

Now we are going to prove Theorem 1.4. Before the proof, we need to prove an upper bound for maximal position M, :=
max,en () X,(t) and the minimal position M~ := min,en(, X,(?) of all the particle alive at time 7 with the convention that M, = —co
and M, = co when N(f) = @. In the next lemma, we will need (H4’) to control the overshoot of Lévy process.

Lemma 3.5. Assume (H1), (H2), (H3) and (H4’) hold. For any q,§ > 0, there exist constants C(q), T(5) € (0, o) such that for t > T(5),
1 1

1P, (M,5 > q\/;) <C(g)5 and 1+1P, (M,g < —q\/¥) < C(g)5.

Proof. We only prove the first inequality, the proof of the second one is similar. Set
L . L
QOr.x) = 17T P (M, > 0) = lim 1] (1-E.;, (exp {-07,,(0.00}) ).
1

Then r«-1P, (M,(S > q\/;) = QY(8,—q), and we only need to prove that there exist constants C(g), T(6) € (0, o) such that for ¢ > T(5),

0"(8,-9) < C(q)6. (3.33)

By Lemma 2.9 (with h = 61, = 0 first and then 6 1 ), we see that 09(r, x) solves
09 (r,x) = 1T P, (¢ >0)-E, </0 @ (@O - 5,6M)) ds) .

By the Markov property, for any w < r, the above equation can also be rewritten by
0" x) =E, (0" - w.&l)) - E, ( /0 "y (09 - 5.20) ds) :

It follows from the Feynman-Kac formula that for any 0 < w < r,
w
0"(r,x) =E, (exp {— / KO (QV(r —5,6")) ds} 0V (r - w, 5&?)) .
0
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where
1
KO@) =~y ()
v

and y(v) is defined in (2.17). Also by the Markov property of é©, we see that for all y € R and w € [0, r], it holds that
w
Y, i=exp {—/ KD (QO(r - 5,60)) ds} 00 — w, &)y
0

=E, (exp {— / "k (V@ — 5,6M)) ds} 0", g;%(;g” ts< w) .
0

Therefore, {(Y,,)uelo,1- Py} is @ non-negative martingale, which implies that for any stopping time S,

0"(r,x) = Ex(Y,p5)
WAS
=E, <exp {—/ KO (QW(r - 5,69))d } 0V —wAS, .:“As))
0

In particular, set S = 7(272 :=inf {r >0: f(’) > —q/2} and r = w = §, we see that

095, —9) < E_, <Q(’)(5 —SA T(?;;‘z’gm 0 )>
-4/2

— Ot O
E_, <Q(t) < tq;—Z’é o ) (27 5)) (3.34)

where in the last equality we used the fact that on the event {6 < r(’;;“z} {supms 5(’> <—q /2}, it holds that

1
00@E -5 A7 &0 =000, = a1 =0.
AT
-a/2

a/2’ % 1£0>0)

1
Note that Q®)(8, —q) < t=1. Note also that, by (1.11), for any z < —q/4 and r > 0,
1 1 2
0¥(r,z) < t=1R, (M > —Z\/;) <t#iP, (M > q\/;/4> <Sq .

Comparing D with —q /4, using (3.34) and the two facts above, we get that

L0+
"—a/2

L q _L 'y’
096, ~q) S 17TP, <‘:(u)+ Z) w6240

T—a/2

o i 2
=teTP <§,0+ > T) L (f!fégs = aVi/ 2) '

Now combining the above inequality, Lemma 2.6 and Doob’s maximal inequality, we get that

l
ro—2 1
0@, ~q) s ——— swpE._, <5;i >+ —Eo (1651°)
(q\/—)’o_ x>0 0 gt
< 1 )
- ro—2 #’ﬁ nzTul
q t q
ro—2 1

Since =2 _ alTl > 0 under (H4’), letting T'(6) be sufficiently large so that tOT_ﬁ > 67! for all t+ > T(5), we get the desired
(3.33). O

Proof of Theorem 1.4. By Theorem 1.2, for any 6 > 0, we have the following lower bound for the liminf:

e .o 0
lininf (TP, 7, (2,0 > 0) > e R e=—=l))

=—logE; (exp{- M(A)Y,(O)}) —logIF’é (v,(00=0). (3.35)

Now we prove the limsup is no larger than the right-hand side above. By the branching property, for x > 0, it holds that

P i (Zian(A) > 0) = E 1 (1 —exp { / 10gP,(Z,, (A) = 0>Z,(da)}> :
Noticing that for all « € R,

P(Z, (A)=0)>P,(Z,(R)=0)=Py(Z, (R)=0) iy 1.

22
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Using the fact that logx ~ x — 1 as x — 1, we see that there exists N(x) such that as 7 > N(x),
1
P\ﬁy (Z(1+K)Y(A) >0) < E\ﬁy <1 — €xp {—5 /Pa(Z;K(A) > O)Z;(da)}> . (3.36)

Now we fix a small € > 0. Suppose that 7 is large enough such that A c [-¢ \/;,5\/;]. For a < —2¢ \/;, by Lemma 3.5, when ¢ is large
enough, we have

Po(Z(A)> 0) Py o(M,, > —eVn < C(i)’( (3.37)
fa-1
Similarly, for a > 25\/;, when 1 is sufficient large, it holds that
Pu(Z(A) > 0) S Py, n(M < V) < (i)’(. (3.38)
ta-1
When |a| < 2¢4/, by (1.10), we have
Py(Z,,(A) > 0) < Py (Z,,(R) > 0) < C*] (3.39)
(tx)a-1

for some constant C, € (0, o). Combining (3.36), (3.37), (3.38), (3.39) and the inequality 1 — e~*I=I"l < (1 — e~1*l) 4 |y|, we obtain
that

2K a1 ta-1

zﬁp\ﬂy (Z(1+K),(A)>O)SMI—IE\ﬂy(l—exp{ — 7,2V, 25\/'])}>

C(E)K

E /i (Z/((=00, =26 V1) U 2e /1, 00)))

<l%l]E | \/‘ \/- C(E)K

RN — exp ————Z,([2eV/t,2e\/1]) (3.40)
21(« ltn—

where in the last inequality we used the fact that E \ﬂy(Z (R)) = 1. This is because, thanks to the branching property and the criticality
of our branching Lévy process, (Z,;(R)),5( is a martingale under P, with Z,(R) = 1 P,-a.s. for any x € R. Now define a function

((2——|x|) A1>,xelR,

then we see f is a bounded continuous function with support equal to [—4¢,4¢] and f =

f):

21(« 1

for x € [—2¢,2¢]. Plugging this

oaT
observation into (3.40), we get that for large ¢, i

L
tiTP 1 (Z(14in(A) > 0)

L 1 / a C(e)x
<te1E 1- -—— [ f| — ) Z,(da) +
Wy( “p{ (o (w) }> 2

=za'ﬁ1E\ﬂy <1 —exp{—/f(a)z§’>(da)}) ¥ @ (3.41)

Letting 7 » oo in (3.41), using Theorem 1.2 with A =0 and g = f, we get that

L J S, L
11m supta—l P\ﬂy (Z,(A) > O) =(1+k)a-T ]llt’llilpta—l IP’% Z 11y (A) > O)

1+Ky(
) 7C(£)K
<(1+K)a 1 hmtu IE\[ Tiey <1—exp{—/f(a)Zl (da)}) + (1 +k)a IT

e
=-(1+ K)'ZITI logIEémy (exp {—/f(a)Xl(da)}> + wk

1
e C(e)(1 + Kk)aT
<=(1+x)aT 1ogJP>5my (X ([—4¢,4¢]) =0) + —

where in the last inequality we used the fact that f is supported in [—4e¢, 4¢]. Letting x — 0 in the above inequality, we see that
11?lilpza TP/, (Zi(A) > 0) < —logP; (X;(I-4e,4e]) = 0) = —logP; (¥,(x) =0, Vx| <4e).
Taking ¢ — 0 and using Remark 2.12, we conclude that
1
h?ligpza-l P\ﬁy (Z,(4)>0) < —log P, (¥,(0)=0). (3.42)
Combining (3.35) and (3.42), we complete the proof of Theorem 1.4. []
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Proof of Theorem 1.6. (i) For any f € C/(R), it holds that

E, (exp{_ 1 /f(x)z,(dx)}|z,(A)>0>
ta-1_2
1 i
—1-—1 g - - Z,d 1 . 3.43
P (Z(A)>0) WY<< exP{ -] /f(x) o x)}> {Z’(’“>"’> (343)

Let B = (a,b) be a bounded interval such that supp(f) c B and A C B. Then by Theorem 1.4, we see that

1 1
rozmsae (1o -2 frome} ) (- o) )

Vi Zi(B) > 0 =P £ (Z,(4) > 0)) =%o. (3.44)

1
<——— (P
TP (Z(4)>0) (

Further, combining Theorem 1.2 and Theorem 1.4, we get that

. 1 1

lim s B - - Z,d 1

oo P (Zi(4)>0) \ﬂy<< eXp{ (s /f(x) i€ x)}) <z,<3)>0)>
. 1 1

=1 —FE 1- — Z.(d
% P (Z(4)>0) \/;y< exp{ g /f(X) i x)})

1
= W log ]Eéy (exp {—Yl ) / f(x)dx}) . (3.45)

Therefore, combining (3.43), (3.44) and (3.45) we see that

ImE o (exp {— j_l /f(x)z,(dx)} |Z,(A) > 0)
fa-1 2

1
=1- —log P,sy(y1 =0 log IE(;y (exp {—YI 0) / f(x)dx}) . (3.46)

For any 6,¢ > 0, taking f = h + % l(_¢ in (1.14) and letting € — 0, by Lemma 1.1, we have

N, (1= e ™MO-0i®) = fim N, (1 - exp {—%wl([—e, eN-wi())

= - limlogB; (exp {2 X,(1=&.D) = X, })

= —logE; (exp{~0Y,(0) = X,(h)}). (3.47)
Letting 2~ =0 and 6 1 o0, we also see that

N,(,(0) > 0) = ~log E;_(¥,(0)=0). (3.48)
Combining (3.46), (3.47) and (3.48), we have that

ImE - (exP {_ 11 : / f(x)z,(dx)} |Z,(A) > 0)
ta—1_2
1
=1- AR N, (1 —exp {—YI(O) / f(x)dx}>
1
“ITRrmoso ((1 —er {'Y‘(O)/f(")dx}> 1‘““’“”)
=N, (exp {—Yl 0) / f(x)dx} )Yl ) > 0) ,

which implies (i).
(ii) To prove the convergence in distribution in the weak topology, it suffices to prove that for any g € Bzip(R) (for example,
see [21, Lemma 3.4]),

. 1 y
mE ;. <exp{—la—ll/g<\—/;>2,(dy)} |Z,(A)>0>

=N, (exp {-w; ()} ¥,(0) > 0).
Note that

1 / y
E -— = ) Z,dy) 3 |Z,4) >0
wy(exp{ fT g<\/i> ’ y}| >
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1 1 y
= Z @S oL -—— = ) Zy 1 .
P, Z(4)>0) W<°Xp { i / § (w) i y)} {ZM»O})

(3.49)

ta-1

Since 150y 21— e~ for a > 0, by Theorems 1.2 and 1.4, for any 0 € (0, ), we have that

E (exp{—Ll/g(é)Z;(d)’)} l{zf(A)>0}>

1
limsup a1
ta-1

t—oo

1 y (4
-E — 2 )z 1- -2
iy <exp{ ] /g<\/;> ( Y)}< exp{ )

fa—1

P (Z(A)>0)-E <1 —exp{— j_l Z,(A)})'
fa-1 2

= |- log 5 (¥(0) = 0) + log B, (exp {-0£(A)Y; (0)})‘ = G(0).
Therefore, combining the above inequality and Theorem 1.4, we conclude that for any 6 € (0, ),

limsuptﬁ]E\ﬂy <exp {—+ /g <\l/_> Z;(d)’)} 1{2,(A)>0}>
t

t—c0 P

< G(0) ~logE; (exp {~0/(A)Y,(0) = X (9)}) +1ogE; (exp {~X(2)})
(3.50)

1
< lim ta-1
=00

or
—o‘; —log]Eéy (exp {—Xl(g)} l(yl(0)=0)> + logIE{;y (exp {—Xl (g)}) .

Similarly, we also have that

L. 1 1
hgg}fra—llE\ﬂy <exp{——l/g<\l/;>zt(d)0} 1{2,(A)>0}>

fa—1

> -G(0) ~ logE; (exp {-0£(A)Y,(0) - X,(2)}) +log Es, (exp{-X,(®)})
(3.51)

ot
= —log]Eéy (exp {—Xl(g)} l(yl(0)=0)> + logIE{;y (exp {—Xl (g)}) .

Combining Theorem 1.4, (3.49) (3.50) and (3.51), we conclude that

limE - (exp {—+ /g <é) z,(dy)} |z > 0)
(3.52)

ta-1
1
= W (—IOg]Ezsy (eXP {(-X1®)} 1(y1(0)=0)> +logE; (exp {_Xl(g)})) .

Combining (3.47), (3.48) and (3.52), we get that

. 1 y
IILTOE\ﬂy(eXp{——]/g(\—/;)Z,(dy)} |z,(A)>0>

ta-1
1 - -
=—— (N (1=-ew®] ) =N (1- w](&'))
Ny(Y1(0)>o)( y( € m<0)—01) y(1-e )
1 - -
= s (T om0 =N (0 >0,
y

which implies the desired result. []

4. Proof of Lemma 1.1

Proof of Lemma 1.1. Suppose that Q, is the transition semigroup of the super Brownian motion, i.e.

0;(v;,dvy) :=P, (X, € dvy).
Let Q7 be the restriction of Q, on Mg(R) \ {0}. By [20, A.41 or (8.46)], for any y € R, 0 < r; < .. < r, < oo and
Vi ooy Vyy € Mp(R)\ {0}, we have

N (w edvy,.ow, € dvm) =N, (w,l e dvl)sz_r](vl,dvz) 08 L (pegedyy)
In particular, for any s < 7,

N, (w, € Mp®)\ {0}, w, € A°) =/
MpR\(0)

= / Ny(wr € dvl)Pvl (Xt—r € Ac)’
Mp@R\{0}

N, (w, € dv))Q;_, (v}, A)
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where in the last equality we used the fact that 0 ¢ A°. Since P, (X, eA)=1 for all v; € Mp(R) and 7 > r, we obtain that

N, (w, € Mp@®)\ {0}, w, € A°) =0. 4.1)
Moreover, w, € A° implies that w, # 0, therefore, it must hold that w, € Mg(R) \ {0}. Therefore, by (4.1), we get that

N, (w, € Mp@®)\ {0}, w, € A°) =N, (w, € A°) =0,

which implies the desired result. []
Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgments

We thank the referees for very helpful comments and suggestions. We thank Zhenyao Sun for helpful discussions. We also thank
Xinxin Chen for comments. Part of the research for this paper was done while the third-named author was visiting Jiangsu Normal
University, where he was partially supported by a grant from the National Natural Science Foundation of China (12471139, Yingchao
Xie).

References

[1] V. Rapenne, Invariant measures of critical branching random walks in high dimension, Electron. J. Probab. 28 (2023) 1-38.
[2] M. Bramson, J.T. Cox, A. Greven, Invariant measures of critical spatial branching process in high dimensions, Ann. Probab. 25 (1997) 56-70.
[3] S.P. Lalley, X. Zheng, Occupation statistics of critical branching random walks in two or higher dimensions, Ann. Probab. 39 (2011) 327-368.
[4] X. Chen, S. Lin, Critical branching random walks in Z?, part I: local survival probabilities and Yaglom theorem, 2025, Preprint.
[5] R. Durrett, An infinite particle system with additive interactions, Adv. in Appl. Probab. 11 (1979) 355-383.
[6] S.P. Lalley, Y. Shao, On the maximal displacement of critical branching random walk, Probab. Theory Related Fields 162 (1-2) (2015) 71-96.
[7]1 W. Hong, S. Liang, Conditional central limit theorem for critical branching random walk, ALEA Lat. Am. J. Probab. Math. Stat. 21 (2024) 555-574.
[8] J. Bertoin, B. Mallein, Infinitely ramified point measures and branching Lévy processes, Ann. Probab. 47 (2019) 1619-1652.
[9] J. Bertoin, B. Mallein, Biggins’ martingale convergence for branching Lévy processes, Electron. Commun. Probab. 23 (2018) 1-12.
[10] A. Kagan, G. Véchambre, The Leftmost particle of branching subordinators. arXiv:2409.16617.
[11] B. Mallein, Q. Shi, A necessary and sufficient condition for the convergence of the derivative martingale in a branching Lévy process, Bernoulli 29 (2023)
597-624.
Q. Shi, A.R. Watson, Probability tilting of compensated fragmentations, Electron. J. Probab. 24 (2019) 1-39.
[13] A. Kolmogorov, Zur 16sung einer biologischen aufgabe, Comm. Math. Mech. Chebyshev Univ. Tomsk. 2 (1) (1938) 1-12.
R. Slack, A branching process with mean one and possibly infinite variance, Z. Wahrscheinlichkeitstheor. Verwandte Geb. 9 (1968) 139-145.
V. Zolotarev, More exact statements of several theorems in the theory of branching processes, Teor. Veroyatn. Primen. 2 (1957) 256-266.
[16] H. Hou, Y. Jiang, Y.-X. Ren, R. Song, Tail probability of maximal displacement in critical branching Lévy process with stable branching, Bernoulli 31
(2025) 630-648.
[17] K. Fleischmann, L. Mytnik, V. Wachtel, Optimal local Holder index for density states of superprocesses with (1 + f)-branching mechanism, Ann. Probab.
38 (2010) 1180-1220.
[18] N. Konno, T. Shiga, Stochastic partial differential equations for some measure-valued diffusions, Probab. Theory Related Fields 79 (1988) 201-225.
[19] E.B. Dynkin, S.E. Kuznetsov, N-Measures for branching exit Markov systems and their applications to differential equations, Probab. Theory Related Fields
130 (1) (2004) 135-150.
[20] Z. Li, Measure valued branching Markov processes, second ed., in: Probab. Theory Stoch. Model, vol. 103, Springer, Berlin, 2022.
[21] H. Hou, Y.-X. Ren, R. Song, Tails of extinction time and maximal displacement for critical branching killed Lévy process. arXiv:2405.09019. To appear in
Potential Anal.
[22] T.-Y. Lee, Conditional limit distributions of critical branching Brownian motions, Ann. Probab. 19 (1) (1991) 289-311.
[23] W. Feller, An Introduction To Probability Theory and Its Applications, 2, Wiley, New York, 1964.
[24] I Grama, H. Xiao, Conditioned local limit theorems for random walks on the real line, Ann. Inst. Henri PoincarE Probab. Stat. 61 (2025) 403-456.
[25] V.V. Petrov, Sums of Independent Random Variables, Springer-Verlag, New York-Heidelberg, 1975, x+346 pp.
[26] E.B. Dynkin, Branching exit Markov systems and superprocesses, Ann. Probab. 29 (2001) 1833-1858.
[27] M. Marcus, L. Véron, Initial trace of positive solutions of some nonlinear parabolic equations, Comm. Partial Differential Equations 24 (1999) 1445-1499.
[28] J.-F. Le Gall, A probabilistic approach to the trace at the boundary for solutions of a semi-linear parabolic partial differential equation, J. Appl. Math.
Stoch. Anal. 9 (1996) 399-414.
[29] C. Barnes, L. Mytnik, Z. Sun, On the coming down from infinity of coalescing Brownian motions, Ann. Probab. 52 (2024) 67-92.
[30] Y.-X. Ren, R. Song, R. Zhang, The extremal process of super-Brownian motion, Stochastic Process. Appl. 137 (2021) 1-34.

26


http://refhub.elsevier.com/S0304-4149(25)00278-9/sb1
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb2
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb3
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb4
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb5
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb6
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb7
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb8
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb9
http://arxiv.org/abs/2409.16617
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb11
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb11
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb11
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb12
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb13
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb14
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb15
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb16
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb16
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb16
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb17
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb17
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb17
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb18
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb19
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb19
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb19
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb20
http://arxiv.org/abs/2405.09019
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb22
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb23
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb24
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb25
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb26
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb27
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb28
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb28
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb28
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb29
http://refhub.elsevier.com/S0304-4149(25)00278-9/sb30

	Local properties for 1-dimensional critical branching Levy process
	Introduction and main results
	Background introduction and motivation
	Critical super-Brownian motion
	Main results

	Preliminaries
	Some estimates involving the standard normal density
	Estimates for the Levy process
	Evolution equation for (Zt)t≥0
	Initial trace theory

	Proof of the main results
	Proof of Lemma 1.1 
	Declaration of competing interest
	Acknowledgments
	References


