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ARTICLE INFO ABSTRACT

2020 MSC: In this paper, we investigate the asymptotic behaviors of the survival probability and maximal
Primary: 60J80 displacement of a subcritical branching killed Lévy process X in R. Let ¢ denote the extinction
Secondary: 60J65 time, M, be the maximal position of all the particles alive at time 7, and M := sup,,, M, be the all-

Keywords: time maximum. Under the assumption that the offspring distribution satisfies the L log L condition
Branching killed Lévy process and some conditions on the spatial motion, we find the decay rate of the survival probability
Subcritical branching process P.(¢ > 1) and the tail behavior of M, as t - . As a consequence, we establish a Yaglom-type
Survival probability theorem. We also find the asymptotic behavior of P,(M > y) as y — .

Maximal displacement

Yaglom limit

Spectrally negative Lévy process
Feynman-Kac representation

1. Introduction
1.1. Background and motivation

A branching Lévy process on R is defined as follows: at time 0, there is a particle at x € R and it moves according to a Lévy process
(&, P,) on R. After an exponential time with parameter g > 0, independent of the spatial motion, this particle dies and is replaced by
k offspring with probability p,, k > 0. The offspring move independently according to the same Lévy process starting from the death
position of their parent. This procedure goes on. Let N, be the set of particles alive at time ¢ and for each u € N,, we denote by X, (1)
the position of u at time 7. Also, for any u € N, and s <1, we use X, (s) to denote the position of u or its ancestor at time s. Then the
point process Z = (Z,),5, defined by

Z, = z Sx 0

ueN,

is called a branching Lévy process. We shall denote by P, the law of this process when the initial particle starts from x and use E, to
denote the corresponding expectation. Let

¢ :=inf{r>0: Z,(R) =0}
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$\mathbf {E}_0\left (\xi _1\right )>0$


$\xi $


$\mathbf {E}_0(\xi _1)>0$


$\sigma ^2:=\mathbf {E}_0(\xi _1^2)<\infty $


$x>0$


\begin {align}\label {lim-tua_0>t} \lim _{t\to \infty }\mathbf {P}_x(\tau _0^->t) =\mathbf {P}_x(\tau _0^-=\infty ) =:q_x>0.\end {align}


$y\in \R $


\begin {align*}\lim _{t\to \infty }\mathbf {P}_x\left (\tau _0^->t,\xi _t-\mathbf {E}_0\left (\xi _1\right ) t>\sqrt {t}y\right )= \mathbf {P}_x(\tau _0^-=\infty )\int _{\frac {y}{\sigma }}^{\infty }\phi (z)\mathrm {d} z.\end {align*}


$t>0$


$m\in (0, t)$


\begin {align*}\mathbf {P}_x\left (\tau _0^->t,\xi _t- \mathbf {E}_0\left (\xi _1\right ) t >\sqrt {t}y\right ) \le \mathbf {P}_x\left (\tau _0^->m,\xi _t- \mathbf {E}_0\left (\xi _1\right ) t >\sqrt {t}y\right ) =\mathbf {E}_x \left ( 1_{\{\tau _0^->m\}}\mathbf {P}_{\xi _m}\left (\xi _{t-m} -\mathbf {E}_0\left (\xi _1\right ) t >\sqrt {t}y\right ) \right ).\end {align*}


$z$


$t\to \infty $


\begin {align}\label {central-limit-theorem-xi} \mathbf {P}_{z}\left (\xi _{t-m} -\mathbf {E}_0\left (\xi _1\right ) t >\sqrt {t}y\right ) \to \int _{y}^{\infty } \phi _{\sigma ^2}(u) \mathrm {d}u.\end {align}


$t\to \infty $


$m\to \infty $


\begin {align}\label {upper-bound-limsup-joint-proba} \limsup _{t\to \infty }\mathbf {P}_x\left (\tau _0^->t,\xi _t- \mathbf {E}_0\left (\xi _1\right ) t >\sqrt {t}y\right ) \le \mathbf {P}_x\left (\tau _0^-=\infty \right ) \int _{y}^{\infty } \phi _{\sigma ^2}(z) \mathrm {d}z.\end {align}


\begin {align*}\mathbf {P}_x\left (\tau _0^->m,\xi _t-\mathbf {E}_0\left (\xi _1\right ) t>\sqrt {t}y\right ) \le \mathbf {P}_x\left (\tau _0^->t,\xi _t-\mathbf {E}_0\left (\xi _1\right ) t>\sqrt {t}y\right ) +\mathbf {P}_x\left (\tau _0^-\in (m,t]\right ).\end {align*}


\begin {align*}&\lim _{m\to \infty }\lim _{t\to \infty }\mathbf {P}_x\left (\tau _0^->m,\xi _t-\mathbf {E}_0\left (\xi _1\right ) t>\sqrt {t}y\right ) =\lim _{m\to \infty }\lim _{t\to \infty }\mathbf {E}_x\left ( 1_{\{\tau _0^->m\}}\mathbf {P}_{\xi _m}\left (\xi _{t-m} -\mathbf {E}_0\left (\xi _1\right ) t >\sqrt {t}y\right )\right )\\ &=\lim _{m\to \infty }\mathbf {P}_x\left (\tau _0^->m\right ) \int _{y}^{\infty } \phi _{\sigma ^2}(u) \mathrm {d}u =\mathbf {P}_x\left (\tau _0^-=\infty \right ) \int _{y}^{\infty } \phi _{\sigma ^2}(u) \mathrm {d}u,\end {align*}


\begin {align*}\lim _{m\to \infty }\lim _{t\to \infty }\mathbf {P}_x\left (\tau _0^-\in (m,t]\right ) =\lim _{m\to \infty }\mathbf {P}_x\left (\tau _0^-\in (m,\infty )\right ) =0\end {align*}


\begin {align*}\liminf _{t\to \infty }\mathbf {P}_x\left (\tau _0^->t,\xi _t-\mathbf {E}_0\left (\xi _1\right ) t>\sqrt {t}y\right ) \ge \mathbf {P}_x\left (\tau _0^-=\infty \right ) \int _{y}^{\infty } \phi _{\sigma ^2}(z) \mathrm {d}z.\end {align*}


$\xi $


$\mathbf {E}_0(\xi _1)=0$


$x>0$


$a\in (0,\infty ]$


\begin {align*}\lim _{t\to \infty }\sqrt {t}\mathbf {P}_x\left (\xi _t\le a\sqrt {t},\tau _0^->t\right ) =\frac {2R(x)}{\sqrt {2\pi \sigma ^2}}\int _{0}^{\frac {a}{\sigma }} \rho (z) \mathrm {d}z,\end {align*}


$\sigma ^2:=\mathbf {E}_0(\xi _1^2)$


$\rho (z)$


$x>0$


$h$


$(0,\infty )$


\begin {align*}\lim _{t\to \infty }\sqrt {t}\mathbf {E}_x\left (h\left (\frac {\xi _t}{\sigma \sqrt {t}}\right )1_{\{\tau _0^->t\}}\right ) =\frac {2R(x)}{\sqrt {2\pi \sigma ^2}}\int _{0}^{\infty } \rho (z) h(z) \mathrm {d}z.\end {align*}


$\delta $


$\sigma ^2=\mathbb {E}_0(\xi _1^2)$


$\xi $


$\mathbf {E}_0(\xi _1)=0$


$W$


$\sigma ^2$


$\kappa \in (0,\frac {\delta }{2(2+\delta )})$


$C_3(\kappa )>1$


$t\ge 1$


\begin {align*}\mathbf {P}_x \left (\sup _{s\in [0,1]}|\xi _{ts}-x-W_{ts}|>t^{\frac {1}{2}-\kappa }\right ) \le \frac {C_3(\kappa ) }{t^{(\frac {1}{2}-\kappa )(\delta +2)-1}}.\end {align*}


$\xi $


$\mathbf {E}_0(\xi _1)=0$


$\mathbf {E}_0(\xi _1^2)=\sigma ^2$


$\varepsilon _0\in (0, \frac {\delta }{4(2+\delta )})$


$\varepsilon \in (0,\varepsilon _0)$


$T_0(\varepsilon )$


$C_4(\varepsilon )$


$x,y>0$


$t>T_0(\varepsilon )$


\begin {align*}\left | \mathbf {P}_x\left (\frac {\xi _t}{\sigma \sqrt {t}}\le y,\tau _0^->t\right )-\frac {2R(x)}{\sigma \sqrt {2\pi t} } \mathcal {R} (y) \right | \le \frac { C_4(\varepsilon ) (1+x)} {t^{1/2+\varepsilon }}.\end {align*}


$W$


$r>0$


$\epsilon \in (0,\delta /(4(5+2\delta )))$


\begin {align*}A_r: =\Big \{\sup _{s\in [0,1]}|\xi _{sr}-\xi _0-W_{sr}|> r^{\frac {1}{2}-2\epsilon }\Big \}.\end {align*}


$(S_n)_{n\ge 0}$


$S_n:=\xi _n$


$n\in \mathbb {N}$


$b\in \R $


\begin {align*}\tau _b^{S,+}: =\inf \{j\in \mathbb {N}, |S_j|>b\}.\end {align*}


\begin {align*}\mathbf {P}_x\left (\frac {\xi _t}{\sigma \sqrt {t}}\le y,\tau _0^->t\right )=\sum _{k=1}^{4}I_k,\end {align*}


\begin {align*}I_1:=\mathbf {P}_x\left (\frac {\xi _t}{\sigma \sqrt {t}}\le y,\tau _0^->t,\tau _{t^{1/2-\epsilon }}^{S,+}>[t^{1-\epsilon }] \right ),\end {align*}


\begin {align*}I_2:=\sum _{k=1}^{[t^{1-\epsilon }]} \mathbf {E}_x \left (\mathbf {P}_{\xi _k}\left (\frac {\xi _{t-k}}{\sigma \sqrt {t}}\le y,\tau _0^->t-k,A_{t-k} \right );\tau _0^->k, \tau _{t^{1/2-\epsilon }}^{S,+}=k \right ),\end {align*}


\begin {align*}I_3:=\sum _{k=1}^{[t^{1-\epsilon }]} \mathbf {E}_x \left (\mathbf {P}_{\xi _k}\left (\frac {\xi _{t-k}}{\sigma \sqrt {t}}\le y,\tau _0^->t-k,A_{t-k}^c \right );\tau _0^->k, \xi _k>t^{(1-\epsilon )/2}, \tau _{t^{1/2-\epsilon }}^{S,+}=k\right ),\end {align*}


\begin {align*}I_4:=\sum _{k=1}^{[t^{1-\epsilon }]} \mathbf {E}_x \left (\mathbf {P}_{\xi _k}\left (\frac {\xi _{t-k}}{\sigma \sqrt {t}}\le y,\tau _0^->t-k,A_{t-k}^c \right );\tau _0^->k, \xi _k\le t^{(1-\epsilon )/2}, \tau _{t^{1/2-\epsilon }}^{S,+}=k\right ).\end {align*}


$I_i$


$i=1, 2, 3, 4$


$I_1$


$K:=[t^{\epsilon }-1]$


$l:=[t^{1-2\epsilon }]$


$Kl\le [t^{1-\epsilon }]$


\begin {align}\label {upper-bound-I1} I_1\le \mathbf {P}_x\left (\tau _{t^{1/2-\epsilon }}^{S,+}>[t^{1-\epsilon }] \right ) \le \mathbf {P}_0\left (\max _{1\le j\le Kl}|x+S_j|\le t^{1/2-\epsilon }\right ) \le \mathbf {P}_0\left (\max _{1\le j\le K}|x+S_{lj}|\le t^{1/2-\epsilon }\right ) ,\quad x>0.\end {align}


\begin {align}\label {upper-bound-I1-1} \mathbf {P}_0\left (\max _{1\le j\le K}|x+S_{lj}|\le t^{1/2-\epsilon }\right ) \le \left (\sup _{x\in \mathbb {R}_+}\mathbf {P}_0\left (|x+S_{l}|\le t^{1/2-\epsilon }\right )\right )^K.\end {align}


$c_1\in (0,1)$


$t_1(\epsilon )$


$t>t_1(\epsilon )$


\begin {align*}\mathbf {P}_0\left (|x+S_{l}|\le t^{1/2-\epsilon }\right )< c_1 \quad x\in \mathbb {R}_+.\end {align*}


$c_2=-\ln c_1$


$t>t_1(\epsilon )$


\begin {align}\label {upper-bound-I1-lemma3.2} I_1 \le c_1^K=e^{-c_2[t^{\epsilon }-1]} \le \frac {c_2}{t^{1/2+\epsilon /8}}.\end {align}


$I_2$


$\epsilon \in (0,\delta /(4(5+2\delta )))$


\begin {align}\label {upper-bound-I2-lemma3.2} I_2 \le \frac { C_3(2\epsilon ) x}{t^{ 1/2+\delta /2 -(5+2\delta )\epsilon }} \le \frac { C_3(2\epsilon ) x} {t^{\frac {1}{2} +\epsilon /8}},\end {align}


$C_3(2\epsilon )$


$I_3$


$\epsilon _1>0$


$\epsilon \in (0,\epsilon _1\land \delta /(4(5+2\delta )))$


$c_3(\epsilon )$


\begin {align}\label {upper-bound-I3-lemma3.2} I_3 \le \frac {1}{\sqrt {t}} \sum _{k=1}^{[t^{1-\epsilon }]} \mathbf {E}_x\left (S_k;\tau _0^{S,-}>k, S_k> t^{(1-\epsilon )/2}, \tau _{t^{1/2-\epsilon }}^{S,+}=k\right ) \le \frac { c_3(\epsilon ) (1+x)}{t^{1+\delta /2-\epsilon (1+\epsilon +\delta /2)}} \le \frac { c_3(\epsilon ) (1+x)} {t^{\frac {1}{2}+\epsilon /8}}.\end {align}


$I_4$


$k\le [t^{1-\epsilon }]$


$x'>0$


\begin {align*}K(k,x'):=\mathbf {P}_{x'}\left (\frac {\xi _{t-k}}{\sigma \sqrt {t}}\le y,\tau _0^->t-k,A_{t-k}^c \right ).\end {align*}


\begin {align*}x^*:=\frac {x'+(t-k)^{\frac {1}{2}-2\epsilon }}{\sigma }\quad \text {and} \quad y^*:=\frac {y\sqrt {t}}{\sqrt {t-k}}+\frac {2}{\sigma (t-k)^{2\epsilon }}.\end {align*}


\begin {align}\label {upper-bound-K} K(k,x') \le \frac {2}{\sqrt {2\pi (t-k)}} \left (\frac {x'}{\sigma }+\frac {t^{\frac {1}{2}-2\epsilon }}{\sigma }\right ) \int _{0}^{y^*} \rho (z)e^{\frac {zx^*}{\sqrt {t-k}}} \mathrm {d}z.\end {align}


$t_2(\epsilon )$


$c_4(\epsilon )$


$t>t_2(\epsilon )$


$p\ge 2$


\begin {align}\label {claim} K(k,x') \le \frac {2}{\sigma \sqrt {2\pi t}} \left (1+\frac { c_4(\epsilon ) }{t^{\epsilon /2-\epsilon ^p}}\right ) \left (\mathcal {R}(y)+\frac { c_4(\epsilon ) }{t^{\epsilon /2}} \right )\left (x'+t^{\frac {1}{2}-2\epsilon }\right ).\end {align}


$k\le [t^{1-\epsilon }]$


$x'\le t^{(1-\epsilon )/2}$


$t_3(\epsilon )$


$c_5(\epsilon )$


$c_6(\epsilon )$


$t>t_3(\epsilon )$


\begin {align*}\frac {x^*}{\sqrt {t-k}} \le c_5(\epsilon )\frac {t^{(1-\epsilon )/2}+t^{\frac {1}{2}-2\epsilon }}{\sqrt {t}} \le c_6(\epsilon )t^{-\epsilon /2}.\end {align*}


$y\in [0,t^{\epsilon ^p}]$


$p\ge 2$


$z\leq y^*$


$t_4(\epsilon )$


$c_7(\epsilon )$


$t>t_4(\epsilon )$


\begin {align*}z \le \frac {y\sqrt {t}}{\sqrt {t-k}}+\frac {2}{\sigma (t-k)^{2\epsilon }} \leq c_7(\epsilon ) t^{\epsilon ^p},\end {align*}


$c_8(\epsilon )$


$t>t_3(\epsilon )\vee t_4(\epsilon )$


\begin {align*}e^{\frac {zx^*}{\sqrt {t-k}}} \le e^{ c_6(\epsilon )c_7(\epsilon ) t^{-\epsilon /2}t^{\epsilon ^p}} \le 1+\frac { c_8(\epsilon ) }{t^{\epsilon /2-\epsilon ^p}}, \quad \mbox { for }z\leq y^*.\end {align*}


$y\in [0,t^{\epsilon ^p}]$


$t>t_3 (\epsilon )\vee t_4(\epsilon )$


\begin {align*}\int _{0}^{y^*} \rho (z)e^{\frac {zx^*}{\sqrt {t-k}}} \mathrm {d}z &\le \left (1+\frac { c_8(\epsilon ) }{t^{\epsilon /2-\epsilon ^p}}\right )\int _{0}^{y^*} \rho (z) \mathrm {d}z.\end {align*}


$y^*$


$t_5(\epsilon )$


$c_9(\epsilon )$


$t>t_5(\epsilon )$


\begin {align*}y^*-y\le \frac { c_9(\epsilon ) }{t^{\varepsilon /2}}.\end {align*}


$\rho (z)\le 1$


$z\ge 0$


$\epsilon \in (0, \epsilon _1\land \delta /(4(5+2\delta )))$


$t>\max \{t_i(\epsilon ): 3\le i\le 5\}$


\begin {align}\label {upper-bound-y-small} \int _{0}^{y^*} \rho (z)e^{\frac {zx^*}{\sqrt {t-k}}} \mathrm {d}z \le \left (1+\frac { c_8(\epsilon ) }{t^{\epsilon /2-\epsilon ^p}} \right )\left (\mathcal {R}(y) +y^*-y\right ) \le \left (1+\frac { c_8(\epsilon ) }{t^{\epsilon /2-\epsilon ^p}}\right ) \left (\mathcal {R}(y)+\frac { c_9(\epsilon ) }{t^{\epsilon /2}}\right ).\end {align}


$y>t^{\epsilon ^p}$


$t_6(\epsilon )$


$c_{10}(\epsilon )$


$t>t_6(\epsilon )$


\begin {align}\label {upper-bound-y-large} \int _{0}^{y^*} \rho (z)e^{\frac {zx^*}{\sqrt {t-k}}} \mathrm {d}z \le \left (1+\frac { c_{10}(\epsilon ) }{t^{\epsilon /2-\epsilon ^p}}\right ) \int _{0}^{y}\rho (z)\mathrm {d}z+ c_{10}(\epsilon ) e^{- c_{10}(\epsilon ) t^{\epsilon ^{p}}} \le \left (1+\frac { c_{10}(\epsilon ) }{t^{\epsilon /2-\epsilon ^p}}\right )\left ( \mathcal {R}(y)+\frac { c_{10}(\epsilon ) }{t^{\epsilon }} \right ).\end {align}


$c_{11}(\epsilon )$


$y>0$


$t>\max \{t_i(\epsilon ): 3\le i\le 6\}$


\begin {align}\label {upper-bound-K-1} K(k,x') \le \frac {2x^*}{\sqrt {2\pi (t-k)}} \left (1+\frac { c_{11}(\epsilon ) }{t^{\epsilon /2-\epsilon ^p}}\right )\left (\mathcal {R}(y)+\frac { c_{11}(\epsilon ) }{t^{\epsilon /2}}\right ).\end {align}


$k\le [t^{1-\epsilon }]$


$t_7(\epsilon )>0$


$t>t_7(\epsilon )$


\begin {equation*}\frac {1}{\sqrt {t-k}}\le \frac {1}{\sqrt {t}}\left (1+\frac { c_{12}(\epsilon ) }{t^{\epsilon }}\right ),\end {equation*}


\begin {align}\label {upper-bound-x*} \frac {x^*}{\sqrt { t-k}} \le \frac {1}{\sigma \sqrt {t}}\left (1+\frac { c_{13}(\epsilon ) }{t^{\epsilon }}\right )\left (x'+t^{\frac {1}{2}-2\epsilon }\right ),\end {align}


$c_{12}(\epsilon )$


$c_{13}(\epsilon )$


$t_2(\epsilon ):=\max \{t_i(\epsilon ):3 \le i \le 7\}$


$\{\tau _{t^{1/2-\epsilon }}^{S,+}=k\}$


$\xi _k=S_k\ge t^{1/2-\epsilon }$


$t^{1/2-2\epsilon }\le t^{-\epsilon } \xi _k$


$\{\tau _{t^{1/2-\epsilon }}^{S,+}=k\}$


$\left (R(\xi _s)1_{\{\tau _0^->s\}}\right )_{s\ge 0}$


$\mathbf {P}_x$


$x>0$


\begin {align}\label {harmonic-R} R(x)=\mathbf {E}_x\left (R\big (\xi _{\tau _{t^{1/2-\epsilon }}^{S,+}}\big );\tau _0^->\tau _{t^{1/2-\epsilon }}^{S,+}\right ), \quad x>0,\ t>0.\end {align}


$t>t_2(\epsilon )$


\begin {align*}I_4 &\le \frac 2{\sigma \sqrt {2\pi t}}\left (1+\frac {c_4(\epsilon )}{t^{\epsilon /2-\epsilon ^p}}\right ) \left (\mathcal {R}(y)+\frac {c_4(\epsilon )}{t^{\epsilon /2}}\right ) \sum _{k=1}^{[t^{1-\epsilon }]} \mathbf {E}_x\left (\xi _k+t^{\frac {1}{2}-2\epsilon };\tau _0^->k, \xi _k \le t^{(1-\varepsilon )/2}, \tau _{t^{1/2-\epsilon }}^{S,+}=k\right ) \nonumber \\ &\le \frac {2(1+t^{-\epsilon })}{\sigma \sqrt {2\pi t}}\left (1+\frac {c_4(\epsilon )}{t^{\epsilon /2-\epsilon ^p}}\right )\left (\mathcal {R}(y)+\frac {c_4(\epsilon )}{t^{\epsilon /2}}\right ) \sum _{k=1}^{[t^{1-\epsilon }]} \mathbf {E}_x\left (\xi _k;\tau _0^->k, \xi _k \le t^{(1-\epsilon )/2}, \tau _{t^{1/2-\epsilon }}^{S,+}=k\right )\nonumber \\ &\le \frac {2(1+t^{-\epsilon })}{\sigma \sqrt {2\pi t}} \left (1+\frac {c_4(\epsilon )}{t^{\epsilon /2-\epsilon ^p}}\right )\left (\mathcal {R}(y)+\frac {c_4(\epsilon )}{t^{\epsilon /2}}\right ) \mathbf {E}_x\left (\xi _{\tau _{t^{1/2-\epsilon }}^{S,+}};\tau _0^->\tau _{t^{1/2-\epsilon }}^{S,+}, \tau _{t^{1/2-\epsilon }}^{S,+}\le [t^{1-\varepsilon }]\right )\nonumber \\ &\le \frac {2(1+t^{-\epsilon })}{\sigma \sqrt {2\pi t}} \left (1+\frac {c_4(\epsilon )}{t^{\epsilon /2-\epsilon ^p}}\right )\left (\mathcal {R}(y)+\frac {c_4(\epsilon )}{t^{\epsilon /2}}\right ) \mathbf {E}_x\left (\xi _{\tau _{t^{1/2-\epsilon }}^{S,+}};\tau _0^->\tau _{t^{1/2-\epsilon }}^{S,+}\right )\nonumber \\ &= \frac {2R(x)(1+t^{-\epsilon }) }{\sigma \sqrt {2\pi t}}\left (1+\frac { c_4(\epsilon ) }{t^{\epsilon /2-\epsilon ^p}}\right )\left (\mathcal {R}(y)+\frac {c_4(\epsilon )}{t^{\epsilon /2}}\right ),\end {align*}


$t_8(\epsilon )$


$c_{14}(\epsilon )$


$c_{15}(\epsilon )$


$t>t_8(\epsilon )$


\begin {align}\label {upper-bound-I4-lemma3.2} I_4 \le \frac {2 R(x) \left (1+\frac {c_{14}(\epsilon )}{t^{\epsilon /2-\epsilon ^p}}\right )\left (\mathcal {R}(y) +\frac {c_{14}(\epsilon )}{t^{\epsilon /2}}\right ) }{\sigma \sqrt {2\pi t}} \le \frac {2 R(x)\mathcal {R} (y)}{\sigma \sqrt {2\pi t}} +\frac { c_{15}(\epsilon ) (1+x)} {t^{\frac {1}{2}+\epsilon /8}},\end {align}


$R(x)\le c(1+x)$


$c>0$


$I_4$


$t_{9}(\epsilon )$


$c_{16}(\epsilon )$


$c_{17}(\epsilon )$


$t>t_{9}(\epsilon )$


\begin {align}\label {lower-bound-I4-lemma3.2} I_4 \ge \frac {2 R(x)}{\sigma \sqrt {2\pi t}} \left (1-\frac { c_{16}(\epsilon ) }{t^{\epsilon /2-\epsilon ^p}}\right ) \left (\mathcal {R}(y)-\frac {1}{t^{2\epsilon }}\right ) -\frac { c_{16}(\epsilon ) (1+x)}{t^{\delta /2-\epsilon (1+\epsilon +\delta /2)}} \ge \frac {2 R(x)\mathcal {R}(y)}{\sigma \sqrt {2\pi t}} -\frac { c_{17}(\epsilon ) (1+x)} {t^{\frac {1}{2}+\epsilon /8}}.\end {align}


$\epsilon _0:=\min \{\delta /(4(5+2\delta )),\epsilon _1\}$


$\varepsilon :=\epsilon /8$


$\varepsilon _0:=\epsilon _0/8$


$T_0(\epsilon ):=\max \{t_i(\epsilon ):i=1,2, 8, 9\}$


$c_{18}>0$


$R(x)\le c_{18}(1+x)$


\begin {align}\label {duality-formula-1} \int _{\mathbb {R}_+} h(x)\mathbf {E}_x\left (g(\xi _t)1_{\{\tau _0^->t\}}\right )\mathrm {d}x = \int _{\mathbb {R}_+} g(y)\mathbf {E}_y\left ( h(\widehat {\xi }_t)1_{\{ \widehat { \tau }_0^->t \}}\right )\mathrm {d}y\end {align}


$t>0$


$g,h:\mathbb {R}\to \mathbb {R}_+$


\begin {align}\label {duality-formula-2} \int _{\mathbb {R}} h(x)\mathbf {E}_x\left (g(\xi _t)1_{\{\tau _0^-\le t\}}\right )\mathrm {d}x =\int _{\mathbb {R}}g(y)\mathbf {E}_y\left (h(\widehat {\xi }_t)1_{\{\widehat { \tau }_0^-\le t\}}\right )\mathrm {d}y.\end {align}


$x>0$


$x+\xi _t=y$


\begin {align*}&\int _{\mathbb {R}_+} h(x)\mathbf {E}_x\left (g(\xi _t)1_{\{\tau _0^->t\}}\right )\mathrm {d}x = \int _{\mathbb {R}_+} h(x)\mathbf {E}\left (g(x+\xi _t)1_{\{\tau _{-x}^->t\}}\right )\mathrm {d}x = \int _{\mathbb {R}_+} h(x)\mathbf {E}\left (g(x+\xi _t), \inf _{s\le t}\xi _s>-x\right )\mathrm {d}x \\& = \int _{\mathbb {R}_+} h(x)\mathbf {E}\left (g(x+\xi _t),\inf _{s\le t}\xi _{t-s}>-x\right )\mathrm {d}x = \int _{\mathbb {R}_+} g(y)\mathbf {E}\left (h(y-\xi _t),\inf _{s\le t}(\xi _{t-s}-\xi _t)>-y\right )\mathrm {d}y \\& =\int _{\mathbb {R}_+} g(y)\mathbf {E} \left (h(y+\widehat {\xi }_t),\inf _{s\le t}\widehat {\xi }_s>-y\right )\mathrm {d}y =\int _{\mathbb {R}_+} g(y)\mathbf {E}_y\left ( h(\widehat {\xi }_t)1_{\{ \widehat { \tau }_0^->t \}}\right )\mathrm {d}y,\end {align*}


\begin {align}\label {dual-on-R} \int _{\mathbb {R}} h(x)\mathbf {E}_x(g(\xi _t))\mathrm {d}x =\int _{\mathbb {R}} h(x)\mathbf {E}(g(x+\xi _t))\mathrm {d}x =\int _{\mathbb {R}}g(y) \mathbf {E}(h(y-\xi _t))\mathrm {d}y =\int _{\mathbb {R}}g(y) \mathbf {E}(h(y+\widehat {\xi }_t))\mathrm {d}y =\int _{\mathbb {R}}g(y) \mathbf {E}_y(h(\widehat {\xi }_t))\mathrm {d}y.\end {align}


$x<0$


$\mathbf {P}_x(\tau _0^->t)=\mathbf {P}_x(\widehat {\tau }_0^->t)=0$


\begin {align*}\int _{\mathbb {R}} h(x)\mathbf {E}_x\left (g(\xi _t)1_{\{\tau _0^->t\}}\right )\mathrm {d}x = \int _{\mathbb {R}} g(y)\mathbf {E}_y\left ( h(\widehat {\xi }_t)1_{\{ \widehat { \tau }_0^->t \}}\right )\mathrm {d}y.\end {align*}


$h_1,h_2:\R \to \R _+$


$\varepsilon >0$


$h_1$


$\varepsilon $


$h_2$


$h_2 \le _{\varepsilon } h_1$


\begin {align*}h_2(u)\le h_1(u+v),\quad \forall u\in \R ,~\forall ~v\in [-\varepsilon , \varepsilon ].\end {align*}


$a>0$


$h:\R \to \R _+$


$I_{k,a}=[ka,(k+1)a]$


$k\in \mathbb {Z}$


\begin {align*}\bar {h}_{a}(u) :=\sum _{k\in \mathbb {Z}} 1_{I_{k,a}}(u)\sup _{u'\in I_{k,a}}f(u'),\quad \underline {h}_{a}(u) := \sum _{k\in \mathbb {Z}} 1_{I_{k,a}}(u)\inf _{u'\in I_{k,a}}f(u'),\quad u\in \R .\end {align*}


$h$


$\int _{\R }\bar {h}_{a}(u) \mathrm {d}u<\infty $


$a>0$


\begin {align*}\lim _{a\to 0} \int _{\R } \left (\bar {h}_{a}(u)-\underline {h}_{a}(u)\right )\mathrm {d}u=0.\end {align*}


\begin {align}\label {def-varepsilon-domain} \bar {h}_{a,\varepsilon }(u):= \sup _{[u-\varepsilon , u+\varepsilon ]} \bar {h}_{a}(v), \quad \underline {h}_{a,-\varepsilon }(u):= \inf _{v\in [u-\varepsilon , u+\varepsilon ]} \bar {h}_{a}(v), \quad u\in \R ,\end {align}


\begin {align*}\underline {h}_{a,-\varepsilon }\le _{\varepsilon }\underline {h}_{a}\le h\le \bar {h}_{a} \le _{\varepsilon }\bar {h}_{a,\varepsilon } \quad \mbox {on } \R .\end {align*}


$\xi $


$\mathbf {E}_0\left (\xi _1\right )<0$


$f:\mathbb {R}\to \mathbb {R}_+$


$\mathbb {R}_+$


$f(x)e^{-\lambda _* x}(1+|x|)$


$x>0$


\begin {align*}\lim _{t\to \infty } t^{3/2}e^{-\Psi (\lambda _*)t}\mathbf {E}_x\left (f(\xi _t), \tau _0^->t\right ) =\frac {2R^*(x) e^{\lambda _*x}}{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\int _{\mathbb {R}_+}f(z)e^{-\lambda _* z} \widehat {R}^*(z) \mathrm {d}z,\end {align*}


$\Psi $


$\xi $


$\mathbf {E}_0\left (\xi _1\right )<0$


$\xi ^{(\lambda _*)}$


$\Psi _{\lambda _*}(\lambda )=\Psi (\lambda +\lambda _*)-\Psi (\lambda _*)$


$\Psi _{\lambda _*}'(0+)=\Psi '(\lambda _*)=0$


\begin {align}\label {use-change-measure} \mathbf {E}_x\left (f(\xi _t), \tau _0^->t\right ) =e^{\Psi (\lambda _*)t+\lambda _* x}\mathbf {E}_x^{\lambda _*}\left (f(\xi _t)e^{-\lambda _* \xi _t},\tau _0^->t\right ).\end {align}


\begin {equation*}\mathbf {E}_x^{\lambda _*}\left (f(\xi _t)e^{-\lambda _* \xi _t},\tau _0^->t\right ),\quad \mbox {as }t\to \infty .\end {equation*}


$\xi $


$\mathbf {E}_0\left (\xi _1\right )<0$


$h:\mathbb {R}\to \mathbb {R}_+$


$\mathbb {R}_+$


$h(x)(1+|x|)$


$x>0$


\begin {align*}\lim _{t\to \infty }t^{3/2}\mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right ) =\frac {2R^*(x)}{\sqrt {2\pi \Psi ''(\lambda _*)^3} }\int _{\mathbb {R}_+}h(z) \widehat {R}^*(z)\mathrm {d}z,\end {align*}


$\Psi $


$\xi $


$t^{-3/2}$


$t^{-1/2}$


$\left (\xi _t\right )_{t\ge 0}$


$\left (\frac {\xi _t}{\sigma \sqrt {t}}\right )_{t\ge 0}$


$h(x)=f(x)e^{-\lambda _* x}$


$\mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right )$


$\varepsilon _0$


$\rho (\cdot )$


$\xi $


$\mathbf {E}_0\left (\xi _1\right )<0$


$C_5>0$


$\varepsilon \in (0,\varepsilon _0)$


$T_1(\varepsilon )$


$C_6(\varepsilon )$


$x>0$


$t>T_1(\varepsilon )$


$h,H:\R \to \R _+$


$h \le _{\varepsilon }H$


\begin {align*}\mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right ) \le & \frac {2(1+C_5\varepsilon )R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*) t}\int _{\mathbb {R}_+}H(w) \rho \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) t}}\right ) \mathrm {d}w +\frac {2 C_5 \sqrt {\varepsilon }R^*(x)}{\Psi ''(\lambda _*) t} \int _{-\varepsilon }^{\infty } H(w)\phi \left ( \frac {w}{\sqrt {\Psi ''(\lambda _*) t}}\right ) \mathrm {d}w\\ &+ C_6(\varepsilon ) (1+x) \|H1_{[-\varepsilon ,\infty )}\|_1 \left (\frac {1}{t^{1+\varepsilon }} +\frac {1}{t^{1+\delta /2}}\right ),\end {align*}


$\Psi $


$\xi $


$\varepsilon \in (0,\varepsilon _0)$


$h,H: \R \to \R _+$


$h \le _{\varepsilon }H$


$t\ge 1$


$m=[ \varepsilon t]$


\begin {align}\label {decomposition-expectation} \mathbf {E}_x^{\lambda _*}\!\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right ) =\int _{\R _+}\!\!\mathbf {E}_y^{\lambda _*}\!\left (h(\xi _m)1_{\{\tau _{0}^->m\}}\right )\! \mathbf {P}_x^{\lambda _*}\!\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ).\end {align}


$(S_n)_{n\ge 0}$


$S_n:=\xi _n$


$n\in \mathbb {N}$


$h1_{[0,\infty )}\le _{\varepsilon }H1_{[-\varepsilon ,\infty )}$


$c_1$


$\varepsilon )$


$c_2(\varepsilon )$


$n\ge 1$


\begin {align}\label {local-limit-RW} \mathbf {E}_x^{\lambda _*} \left (h(S_n)1_{\{S_n\ge 0\}}\right ) -\frac { 1+c_1\varepsilon }{ \sqrt {\Psi ''(\lambda _*)n}} \int _{\R } H(z) 1_{\{z\ge -\varepsilon \}} \phi \left (\frac {z-x}{ \sqrt {\Psi ''(\lambda _*)n}}\right )\mathrm {d}z \le \frac { c_2(\varepsilon ) }{n^{(1+\delta )/2}} \|H1_{[-\varepsilon ,\infty )}\|_1.\end {align}


$y>0$


\begin {align*}&\mathbf {E}_y^{\lambda _*}\left (h(\xi _m)1_{\{\tau _{0}^->m\}}\right ) \le \mathbf {E}_y^{\lambda _*}\left (h(S_m)1_{\{S_m \ge 0\}}\right ) \le \frac { 1+c_1\varepsilon }{ \sqrt {\Psi ''(\lambda _*) m}} \int _{\mathbb {R}}H(z)1_{\{z\ge -\varepsilon \}} \phi \left (\frac {z-y}{ \sqrt {\Psi ''(\lambda _*) m}}\right )\mathrm {d} z +\frac { c_2(\varepsilon )} {m^{(1+\delta )/2}} \|H1_{[-\varepsilon ,\infty )}\|_1.\end {align*}


\begin {align}\label {upper-bound-expectation-decomposition} \mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right ) &\le \int _{\R _+}\left ( \frac { 1+c_1\varepsilon }{ \sqrt {\Psi ''(\lambda _*) m}} \int _{\mathbb {R}}H(z)1_{\{z\ge -\varepsilon \}} \phi \left (\frac {z-y}{ \sqrt {\Psi ''(\lambda _*) m}}\right )\mathrm {d} z \right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right )\\ &\quad +\int _{\R _+}\frac { c_2(\varepsilon ) \|H1_{[-\varepsilon ,\infty )}\|_1 }{m^{(1+\delta )/2}}\mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right )\nonumber \\ &=:A_1(x)+A_2(x).\nonumber \end {align}


$\tau _0^-$


\begin {align}\label {upper-bound-tua} \mathbf {P}_x^{\lambda _*}\left (\tau _0^->s\right ) =\mathbf {P}_x^{\lambda _*}\left (\inf _{l\le s}\xi _l>0\right ) \le \mathbf {P}_x^{\lambda _*}\left (\inf _{j\le [s]}S_j>0\right ) \le c_3 \frac {1+x}{\sqrt {s}},\end {align}


$c_3$


$\varepsilon $


$m$


$c_4(\varepsilon )$


\begin {align}\label {upper-bound-A2} A_2(x)=\frac { c_2(\varepsilon ) \|H1_{[-\varepsilon ,\infty )}\|_1 }{m^{(1+\delta )/2}} \mathbf {P}_x^{\lambda _*} \left (\tau _0^->t-m\right ) \le \frac {c_4(\varepsilon ) (1+x)}{t^{1+\delta /2}} \|H1_{[-\varepsilon ,\infty )}\|_1.\end {align}


\begin {align*}A_1(x) =&\int _{\R _+}\left (\frac { 1+c_1\varepsilon }{\sqrt {\Psi ''(\lambda _*) m}} \int _{\R }H(z)1_{\{z\ge -\varepsilon \}} \phi \left (\frac {z- \sqrt {\Psi ''(\lambda _*)(t-m)}u}{ \sqrt {\Psi ''(\lambda _*) m}}\right )\mathrm {d} z\right ) \mathbf {P}_x^{\lambda _*} \left (\frac {\xi _{t-m}}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}\in \mathrm {d}u, \tau _0^->t-m\right )\\ =&\int _{\R _+}\varphi _t(u) \mathbf {P}_x^{\lambda _*} \left (\frac {\xi _{t-m}}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}\in \mathrm {d}u, \tau _0^->t-m\right ),\end {align*}


$\varphi _t$


\begin {align*}\varphi _t(u) :=&\frac { 1+c_1\varepsilon }{ \sqrt {\Psi ''(\lambda _*) m}} \int _{\R }H(z)1_{\{z\ge -\varepsilon \}} \phi \left (\frac {z- \sqrt {\Psi ''(\lambda _*)(t-m)}u}{\sqrt {\Psi ''(\lambda _*)m}}\right )\mathrm {d} z\\ =& (1+c_1\varepsilon ) \sqrt {\frac {t-m}{m}} \int _{\R } H(\sqrt {\Psi ''(\lambda _*)(t-m)}w) 1_{\{\sqrt {\Psi ''(\lambda _*)(t-m)}w\ge -\varepsilon \}} \phi \left ((w-u)\sqrt {\frac {t-m}{m}}\right ) \mathrm {d}w.\end {align*}


$x\in \R _+$


\begin {align}\label {expression-A1} A_1(x)\le \int _{\R _+}\varphi _t'(u) \mathbf {P}_x^{\lambda _*} \left (\frac {\xi _{t-m}}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}>u, \tau _0^->t-m\right )\mathrm {d}u.\end {align}


$t-m>T_0(\varepsilon )$


\begin {align*}&\left |\mathbf {P}_x^{\lambda _*} \left (\frac {\xi _{t-m}}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}>u, \tau _0^->t-m\right ) -\frac {2R^*(x) }{\sqrt {2\pi (t-m)\Psi ''(\lambda _*)}} \int _{u}^{\infty } \rho (z)\mathrm {d}z\right | \le \frac { C_4(\varepsilon ) (1+x)}{(t-m)^{\frac {1}{2}+\varepsilon }},\end {align*}


$c_5(\varepsilon )$


$t-m>T_0(\varepsilon )$


\begin {align}\label {upper-bound-A1} A_1(x) -\frac {2R^*(x)}{\sqrt {2\pi (t-m)\Psi ''(\lambda _*)}}\int _{\R _+}\!\varphi _t'(u)e^{-\frac {u^2}{2}} \mathrm {d}u \le \frac { c_5(\varepsilon ) (1+x)}{(t-m)^{\frac {1}{2}+\varepsilon }} \int _{\R _+}\!|\varphi _t'(u)|\mathrm {d}u.\end {align}


$\varphi _t$


\begin {align*}&\int _{\R _+}|\varphi _t'(u)|\mathrm {d}u \le (1+c_1\varepsilon ) \int _{\R _+}\! \int _{\R } \frac {t-m}{m} H(\sqrt {\Psi ''(\lambda _*)(t-m)}w) 1_{\{\sqrt {\Psi ''(\lambda _*)(t-m)}w\ge -\varepsilon \}} \left |\phi '\left ((w-u)\sqrt {\frac {t-m}{m}}\right )\right | \mathrm {d}w\mathrm {d}u\\ &=(1+c_1\varepsilon ) \int _{\R _+} \int _{\R } H( \sqrt {\Psi ''(\lambda _*)m}u) 1_{\{\sqrt {\Psi ''(\lambda _*)m}u\ge -\varepsilon \}} |\phi '(u-y)|\mathrm {d}u \mathrm {d}y\\ &=(1+c_1\varepsilon ) \int _{\R }H( \sqrt {\Psi ''(\lambda _*)m}u) 1_{\{\sqrt {\Psi ''(\lambda _*)m}u\ge -\varepsilon \}}\mathrm {d}u \int _{\R _+}|\phi '(u-y)|\mathrm {d}y.\end {align*}


$c_6>0$


$\int _{\R _+}|\phi '(u-y)|\mathrm {d}y\le c_6$


\begin {align}\label {upper-bound-integral-varphi} \int _{\R _+}|\varphi _t'(u)|\mathrm {d}u \le c_6(1+c_1\varepsilon ) \frac {\|H1_{[-\varepsilon ,\infty )}\|_1 }{\sqrt {\Psi ''(\lambda _*) m}}.\end {align}


\begin {align*}&\int _{\R _+}\varphi _t'(y)e^{-\frac {y^2}{2}} \mathrm {d}y =\int _{\R _+}\varphi _t(y) \rho (y) \mathrm {d}y\\ &= (1+c_1\varepsilon ) \int _{\R _+}\! \int _{\R }\! \sqrt {\frac {t-m}{m}} H( \sqrt {\Psi ''(\lambda _*)(t-m)}w) 1_{\{\sqrt {\Psi ''(\lambda _*)(t-m)}w\ge -\varepsilon \}} \phi \left ((w-y)\sqrt {\frac {t-m}{m}}\right ) \mathrm {d}w \rho (y) \mathrm {d}y\\ &= (1+c_1\varepsilon ) \int _{\R _+} \! \int _{\R }\! \sqrt {\frac {t}{m}}H( \sqrt {\Psi ''(\lambda _*) t} u) 1_{\{\sqrt {\Psi ''(\lambda _*) t} u\ge -\varepsilon \}} \phi \left (\!(u-z)\sqrt {\frac {t}{m}}\!\right ) \mathrm {d}u \rho \left ( \!\sqrt {\frac {t}{t-m}}z\!\right )\sqrt {\frac {t}{t-m}}\mathrm {d}z.\end {align*}


$v\in (0,\frac {1}{2}]$


$s\ge 0$


\begin {align}\label {two-side-bound-1} \sqrt {1-v} \rho (s) \le \phi _v* \rho _{1-v}(s) \le \sqrt {1-v} \rho (s) +\sqrt {v}e^{-\frac {s^2}{2v}}.\end {align}


$v=\frac {m}{t}$


\begin {align*}&\int _{\R _+}\varphi _t'(y)e^{-\frac {y^2}{2}} \mathrm {d}y =(1+c_1\varepsilon ) \int _{\R } H( \sqrt {\Psi ''(\lambda _*)t}u) 1_{\{\sqrt {\Psi ''(\lambda _*) t} u\ge -\varepsilon \}} \phi _{\frac {m}{t}}* \rho _{\frac {t-m}{t}}(u) \mathrm {d}u\\ &=\frac { (1+c_1\varepsilon ) }{ \sqrt {\Psi ''(\lambda _*)t}} \int ^\infty _{-\varepsilon } H(w) \phi _{\frac {m}{t}}* \rho _{\frac {t-m}{t}} \left (\frac {w}{\sqrt {\Psi ''(\lambda _*)t}}\right )\mathrm {d}w\\ &\le \frac { (1+c_1\varepsilon ) }{\sqrt {\Psi ''(\lambda _*)t}} \int ^\infty _{-\varepsilon } H(w) \left (\sqrt {\frac {t-m}{t}} \rho \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*)t}}\right )+\sqrt {\frac {m}{t}}e^{-\frac {w^2}{2\Psi ''(\lambda _*)t}}\right ) \mathrm {d}w.\end {align*}


$\rho (z)=0$


$z\le 0$


$m=[\varepsilon t]$


$c_7$


$\varepsilon $


$t_1(\varepsilon )$


$c_8(\varepsilon )$


$t>t_1(\varepsilon )$


\begin {align*}\mathbf {E}_x^{\lambda _*} \left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right ) \le & \frac {2(1+c_7 \varepsilon ) R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*) t}\int _{\mathbb {R}_+}H(w) \rho \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) t}}\right ) \mathrm {d}w\\ &+c_7\sqrt {\varepsilon } \frac {2R^*(x)}{\Psi ''(\lambda _*) t} \int _{-\varepsilon }^{\infty }\! H(w)\phi \left (\!\frac {w}{\sqrt {\Psi ''(\lambda _*) t}}\!\right ) \mathrm {d}w +c_8(\varepsilon )(1+x) \|H1_{[-\varepsilon , \infty )}\|_1 \left (\frac {1}{t^{1+\varepsilon }} +\frac {1}{t^{1+\delta /2}}\right ).\end {align*}


$\xi $


$\mathbf {E}_0\left (\xi _1\right )<0$


$C_7>0$


$\varepsilon \in (0,\varepsilon _0)$


$T_2(\varepsilon )$


$C_8(\varepsilon )$


$x>0$


$t>T_2(\varepsilon )$


$h,H:{\R }\to \R _+$


$h \le _{\varepsilon }H$


$\int _{\mathbb {R}_+}H(z-\varepsilon )(1+z)\mathrm {d}z<\infty $


\begin {align*}\mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right ) &\le \left (1+ C_7t^{-1/2}+C_7\sqrt {\varepsilon }\right ) \frac {2 R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3} t^{3/2}}\int _{\mathbb {R}_+} H(z-\varepsilon ) \widehat {R}^*(z) \mathrm {d}z +\frac { C_8(\varepsilon ) R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3} t^{3/2+\varepsilon }}\int _{\mathbb {R}_+} H(z-\varepsilon ) (1+z)\mathrm {d}z\\ &\quad +\frac { C_8(\varepsilon ) (1+x)}{\sqrt {t}}\left ( \frac {1}{t^{1+\varepsilon }} +\frac {1}{t^{1+\delta /2}}\right )\int _{\mathbb {R}_+} H(z-\varepsilon ) (1+z) \mathrm {d}z.\end {align*}


$\varepsilon \in (0,\varepsilon _0)$


$h,H:\R \to \R _+$


$h \le _{\varepsilon }H$


$z\in \mathbb {R}$


\begin {align}\label {def-Hm} H_m(z) :=\mathbf {E}_0^{\lambda ^*}\left (H(\xi _m+z)1_{\{\tau _{-z-\varepsilon }^->m\}}\right ) =\mathbf {E}_z^{\lambda ^*}\left (H(\xi _m)1_{\{\tau _{-\varepsilon }^->m\}}\right ).\end {align}


$t\ge 2$


$m=[t/2]$


$y>0$


\begin {align}\label {def-I-H} I_m(y)&:= \mathbf {E}_y^{\lambda _*}\left (h(\xi _m)1_{\{\tau _{0}^->m\}}\right ) \le \mathbf {E}_{y}^{\lambda _*}\left (H(\xi _m+v) 1_{\{\tau _{-v-\varepsilon }^->m\}} \right ) =H_m(y+v),\quad |v|\le \varepsilon .\end {align}


$I_m \le _{\varepsilon }H_m$


\begin {align*}&\mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right ) =\int _{\R _+}\mathbf {E}_y^{\lambda _*}\left (h(\xi _m) 1_{\{\tau _{0}^->m\}}\right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right )\\ &=\int _{\R _+}I_m(y) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ) =\mathbf {E}_x^{\lambda _*}\left (I_m(\xi _{t-m}),\tau _0^->t-m\right ).\end {align*}


$h=I_m$


$t-m>T_1(\varepsilon )$


\begin {equation}\label {decomposition-expression} \mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right )\le J_1+J_2+J_3,\end {equation}


\begin {align*}J_1&:=\frac {2 (1+C_5\varepsilon ) R^*(x)}{\sqrt {2\pi }\Psi ''(\lambda _*)(t-m)}\int _{\mathbb {R}_+}H_m(w) \rho \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}\right ) \mathrm {d}w,\\ J_2&:=C_5 \sqrt {\varepsilon } \frac {2R^*(x)}{\Psi ''(\lambda _*)(t-m)} \int _{-\varepsilon }^{\infty } H_m(w)\phi \left (\frac {w}{\Psi ''(\lambda _*)(t-m)}\right ) \mathrm {d}w,\\ J_3&:=C_6(\varepsilon ) \left (\frac {1}{(t-m)^{1+\varepsilon }}+\frac {1}{(t-m)^{1+\delta /2}}\right ) (1+x) \|H_m1_{[-\varepsilon ,\infty )}\|_1.\end {align*}


$J_i$


$J_1$


\begin {align*}J_1&=\frac {2 (1+C_5\varepsilon ) R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*) (t-m)}\int _{\mathbb {R}_+} \mathbf {E}_w^{\lambda _*}\left (H(\xi _m) 1_{\{\tau _{-\varepsilon }^->m\}} \right ) \rho \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) (t-m)}}\right ) \mathrm {d}w\\ &=\frac {2 (1+C_5\varepsilon ) R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*) (t-m)}\!\int _{\mathbb {R}}\! \mathbf {E}_{w+\varepsilon }^{\lambda _*}\!\left (\!H(\xi _m-\varepsilon ) 1_{\{\tau _0^->m\}} \!\right )1_{\{w+\varepsilon \ge 0\}} \rho \left (\!\frac {w}{ \sqrt {\Psi ''(\lambda _*) (t-m)}}\!\right ) \mathrm {d}w\\ &=\frac {2 (1+C_5\varepsilon ) R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*) (t-m)}\int _{\mathbb {R_+}} \mathbf {E}_{w}^{\lambda _*}\left (H(\xi _m-\varepsilon ) 1_{\{\tau _0^->m\}} \right ) \rho \left (\frac {w-\varepsilon }{ \sqrt {\Psi ''(\lambda _*) (t-m)}}\right ) \mathrm {d}w\\ &=\frac {2 (1+C_5\varepsilon ) R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*) (t-m)}\int _{\mathbb {R_+}}H(w-\varepsilon ) \mathbf {E}_{w}^{\lambda _*}\left (\rho \left (\frac {\widehat {\xi }_m-\varepsilon }{ \sqrt {\Psi ''(\lambda _*) (t-m)}}\right ) 1_{\{\widehat {\tau }_0^->m\}} \right ) \mathrm {d}w,\end {align*}


$z\in \mathbb {R}_+$


\begin {align}\label {equivalent-expression} &\mathbf {E}_{z}^{\lambda _*}\left (\rho \left ( \frac {\widehat {\xi }_m-\varepsilon } {\sqrt {\Psi (\lambda _*)(t-m)}}\right ) 1_{\{\widehat {\tau }_0^->m\}} \right ) =\int _{\mathbb {R}_+}\rho ' (u) \mathbf {P}_{z}^{\lambda _*}\left ( \frac {\widehat {\xi }_m-\varepsilon } {\sqrt {\Psi (\lambda _*)(t-m)}}>u, \widehat {\tau }_0^->m \right )\mathrm {d}u\nonumber \\ =&\int _{\mathbb {R}_+}\rho ' (u) \mathbf {P}_{z}^{\lambda _*}\left ( \frac {\widehat {\xi }_m} {\sqrt {\Psi ''(\lambda _*)m}}> \frac {u \sqrt {\Psi (\lambda _*)(t-m)}+\varepsilon } { \sqrt {\Psi ''(\lambda _*)m}}, \widehat {\tau }_0^->m \right )\mathrm {d}u.\end {align}


\begin {equation*}u_{m,\varepsilon }:=\frac {u \sqrt {\Psi (\lambda _*)(t-m)}+\varepsilon }{ \sqrt {\Psi ''(\lambda _*)m}}.\end {equation*}


$\widehat {\xi }$


$m>T_0(\varepsilon )$


\begin {align*}\Big | \mathbf {P}_{z}^{\lambda _*}\left (\frac {\widehat {\xi }_m}{\sqrt {\Psi ''(\lambda _*)m}} > u_{m,\varepsilon }, \widehat {\tau }_0^->m \right ) -\frac {2\widehat {R}^*(z)}{\sqrt {2\pi m\Psi ''(\lambda _*)}} \int _{u_{m,\varepsilon }}^{\infty } \rho (y) \mathrm {d}y\Big | \le \frac { C_4(\varepsilon ) (1+z)}{m^{1/2+\varepsilon }}.\end {align*}


$\int _{\mathbb {R}_+}\rho '(u) \mathrm {d}u\le c_1$


$c_1>0$


\begin {align}\label {two-side-bound-expectation} \left | \mathbf {E}_{z}^{\lambda _*}\left ( \rho \left (\frac {\widehat {\xi }_m-\varepsilon } {\sqrt {\Psi ''(\lambda _*)(t-m)}}\right )1_{\{ \widehat {\tau }_0^->m \}}\right ) -\frac {2\widehat {R}^*(z) }{\sqrt {2\pi m\Psi ''(\lambda _*)}} \int _{\mathbb {R}_+} \rho '(u) e^{-\frac {u_{m,\varepsilon }^2}{2}} \mathrm {d}u\right | \le \frac { C_4(\varepsilon ) (1+z)}{m^{1/2+\varepsilon }}\int _{\mathbb {R}_+}\rho '(u) \mathrm {d}u \le c_1\frac {C_4(\varepsilon )(1+z)}{m^{1/2+\varepsilon }}.\end {align}


$\rho '$


$c_2$


$\varepsilon $


\begin {align}\label {upper-bound-fisrt-part-expectation} &\int _{\mathbb {R}_+} \rho '(u) e^{-\frac {u_{m,\varepsilon }^2 }{2}} \mathrm {d}u= \sqrt {\frac {t-m}{m}}\int _{\mathbb {R}_+} \rho (u)\rho (u_{m,\varepsilon }) \mathrm {d}u \le \sqrt {\frac {t-m}{m}}\int _{\mathbb {R}_+} \rho (u)\rho \left (\frac {u\sqrt {t-m}}{\sqrt {m}}\right )\mathrm {d}u+ \frac {c_2\varepsilon }{\sqrt {t}},\end {align}


\begin {align}\label {upper-bound-second-part-expectation} &\sqrt {\frac {t-m}{m}}\int _{\mathbb {R}_+} \rho (u)\rho \left (\frac {u\sqrt {t-m}}{\sqrt {m}}\right )\mathrm {d}u =\frac {1}{\sqrt {m}}\int _{\mathbb {R}_+} \rho \left (\frac {y}{\sqrt {t-m}}\right ) \rho \left (\frac {y}{\sqrt {m}}\right )\mathrm {d}y\nonumber \\ &=\frac {1}{\sqrt {m}}\int _{\mathbb {R}_+}\!\frac {y^2}{\sqrt {(t-m)m}}e^{-\frac {ty^2 }{2m(t-m)}}\mathrm {d}y =\frac {\sqrt {m}(t-m)}{t^{3/2}}\int _{\mathbb {R}_+}\!y^2 e^{-\frac {y^2}{2}}\mathrm {d}y =\frac {\sqrt {2\pi m}(t-m)}{2t^{3/2}}.\end {align}


$c_4$


$\varepsilon $


$c_5(\varepsilon )$


\begin {align}\label {upper-bound-J1a} J_1 &\le \left (1+c_4 t^{-\frac {1}{2}}\right )\frac {2 \left (1+c_4\varepsilon \right )R^*(x)}{\sqrt {2\pi \Psi ''(\lambda _*)^3} t^{3/2}} \int _{\mathbb {R}_+} H(z-\varepsilon ) \widehat {R}^*(z)\mathrm {d}z +\frac { c_5(\varepsilon ) R^*(x)}{\sqrt {2\pi \Psi ''(\lambda _*)^3} t^{3/2+\varepsilon }} \int _{\mathbb {R}_+} H(z-\varepsilon )(1+z) \mathrm {d}z.\end {align}


$J_2$


\begin {align*}J_2 & =\frac {2C_5\sqrt {\varepsilon } R^*(x) }{\Psi ''(\lambda _*) (t-m)} \int _{-\varepsilon }^{\infty } \mathbf {E}_w^{\lambda _*}\left (H(\xi _m) 1_{\{\tau _{-\varepsilon }^->m\}} \right ) \phi \left (\frac {w}{\sqrt {\Psi ''(\lambda _*) (t-m)}}\right )\mathrm {d}w\nonumber \\ &= \frac {2C_5\sqrt {\varepsilon } R^*(x) }{\Psi ''(\lambda _*) (t-m)} \int _{-\varepsilon }^{\infty } \mathbf {E}_{w+\varepsilon }^{\lambda _*}\left (H(\xi _m-\varepsilon ) 1_{\{\tau _{0}^->m\}} \right ) \phi \left (\frac {w}{\sqrt {\Psi ''(\lambda _*) (t-m)}}\right )\mathrm {d}w\nonumber \\ &= \frac {2C_5\sqrt {\varepsilon } R^*(x) }{\Psi ''(\lambda _*) (t-m)} \int _{\R _+} \mathbf {E}_{w}^{\lambda _*}\left (H(\xi _m-\varepsilon ) 1_{\{\tau _{0}^->m\}} \right ) \phi \left (\frac {w-\varepsilon }{\sqrt {\Psi ''(\lambda _*) (t-m)}}\right )\mathrm {d}w\nonumber \\ & =\frac {2C_5\sqrt {\varepsilon } R^*(x) }{\Psi ''(\lambda _*)(t-m)}\int _{\mathbb {R}_+} H(w-\varepsilon ) \mathbf {E}_w^{\lambda _*}\left (\phi \left ( \frac {\widehat {\xi }_m-\varepsilon } {\sqrt {\Psi ''(\lambda _*) (t-m)}}\right ) 1_{\{\widehat {\tau }_0^->m\}} \right ) \mathrm {d}w,\end {align*}


$c_6$


$\varepsilon $


$c_7(\varepsilon )$


\begin {align}\label {upper-bound-J2} J_2 &\le \left (1+c_6\varepsilon t^{-\frac {1}{2}}\right ) c_6\sqrt {\varepsilon } \frac {2R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3} t^{3/2}}\int _{\mathbb {R}_+} H(z-\varepsilon ) \widehat {R}^*(z) \mathrm {d}z +\frac { c_7(\varepsilon ) R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3}t^{3/2+\varepsilon }} \int _{\mathbb {R}_+} H(z-\varepsilon )(1+z) \mathrm {d}z.\end {align}


$J_3$


$H_m$


\begin {align}\label {equivalent-Hm} &\|H_m1_{[-\varepsilon ,\infty )}\|_1 =\int _{\mathbb {R}} \mathbf {E}_y^{\lambda _*}\left (H(\xi _m) 1_{\{\tau _{-\varepsilon }^->m\}} \right ) 1_{\{y\ge -\varepsilon \}} \mathrm {d}y =\int _{\R }\mathbf {E}_{y+\varepsilon }^{\lambda _*}\left (H(\xi _m-\varepsilon ) 1_{\{\tau _0^->m\}} \right )1_{\{y\ge -\varepsilon \}} \mathrm {d}y\nonumber \\ & =\int _{\R _+} \mathbf {E}_{y}^{\lambda _*}\left (H(\xi _m-\varepsilon ) 1_{\{\tau _0^->m\}} \right ) \mathrm {d}y =\int _{\R _+}H(z-\varepsilon )\mathbf {P}_{z}\left ( \widehat {\tau }_0^->m \right )\mathrm {d}z \le c_8\int _{\mathbb {R}_+}H(z-\varepsilon ) \frac {1+z}{\sqrt {m}}\mathrm {d}z,\end {align}


$c_8$


$\varepsilon $


$m=[t/2]$


$c_9(\varepsilon )$


\begin {align}\label {upper-bound-J3a} \qquad J_3 \le \frac { c_9(\varepsilon ) (1+x)}{\sqrt {t}} \left (\frac {1}{t^{1+\varepsilon }} +\frac {1}{t^{1+\delta /2}}\right )\int _{\mathbb {R}_+}(1+z) H(z-\varepsilon ) \mathrm {d}z.\end {align}


$\xi $


$\mathbf {E}_0(\xi _1)<0$


$C_9$


$q$


$\varepsilon \in (0,\varepsilon _0)$


$T_3(\varepsilon )$


$C_{10}(\varepsilon )$


$x>0$


$t>T_3(\varepsilon )$


$h,H,g:\R \to \R _+$


$g\le _{\varepsilon }h\le _{\varepsilon }H$


\begin {align*}\mathbf {E}_x^{\lambda _*}\left (h(\xi _t) 1_{\{ \tau _{0}^->t\}}\right ) \ge &\frac {2R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*) t} \int _{\mathbb {R}_+}\left ( g(w)1_{\{w\ge \varepsilon \}} -C_9\varepsilon h(w)\right ) \rho \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) t}} \right ) \mathrm {d} w\\ &-C_9 \varepsilon ^{1/12} \frac {2R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*)t} \int _{-\varepsilon }^{\infty } H(u) \phi \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) t}}\right )\mathrm {d}w -C_{10}(\varepsilon )(1+x) \|H1_{[-\varepsilon ,\infty )}\|_1 \left (\frac {1}{t^{1+\varepsilon }} +\frac {1}{t^{1+\delta /2}} +\frac {1}{t^{1+q}} \right ),\end {align*}


$\Psi $


$\xi $


$\varepsilon \in (0,\varepsilon _0)$


$h,H,g:\R \to \R _+$


$g\le _{\varepsilon }h\le _{\varepsilon }H$


$g1_{[\varepsilon ,\infty )}\le _{\varepsilon }h1_{[0,\infty )}\le _{\varepsilon }H1_{[-\varepsilon ,\infty )}$


$t\ge 1$


$m=[\varepsilon t]$


\begin {align*}&\mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right ) =\int _{\R _+}\mathbf {E}_y^{\lambda _*}\left (h(\xi _m)1_{\{ \tau _{0}^->m\}}\right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right )\\ &=\int _{\R _+}\mathbf {E}_y^{\lambda _*} \left (h(\xi _m)1_{\{\xi _m\ge 0\}}\right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ) -\int _{\R _+}\mathbf {E}_y^{\lambda _*} \left (h(\xi _m)1_{\{\xi _m\ge 0\}}1_{\{\tau _{0}^-\le m\}}\right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right )\\ &=:I_1(t)-I_2(t) =:I_1(t)-I_2^1(t)-I_2^2(t),\end {align*}


\begin {align*}I_1(t):=\int _{\R _+}\mathbf {E}_y^{\lambda _*} \left (h(\xi _m)1_{\{\xi _m\ge 0\}}\right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ),\end {align*}


\begin {align*}I_2^1(t) :=\int _{0}^{\varepsilon ^{1/6}\sqrt {[t]}} \mathbf {E}_y^{\lambda _*}\left (h(\xi _m) 1_{\{\xi _m\ge 0\}}1_{\{\tau _{0}^-\le m\}}\right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ),\end {align*}


\begin {align*}I_2^2(t) :=\int _{\varepsilon ^{1/6}\sqrt {[t]}}^{\infty } \mathbf {E}_y^{\lambda _*}\left (h(\xi _m) 1_{\{\xi _m\ge 0\}}1_{\{\tau _{0}^-\le m\}}\right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ).\end {align*}


$I_1(t)$


$c_1$


$\varepsilon $


$c_2(\varepsilon )$


$m\ge 1$


\begin {align*}\mathbf {E}_y^{\lambda _*} \left (h(\xi _m)1_{\{\xi _m\ge 0\}}\right ) &\ge \frac {1}{ \sqrt {\Psi ''(\lambda _*)m}} \int _{\mathbb {R}} \left (g(z) 1_{\{z\ge \varepsilon \}}-c_1 \varepsilon h(z) 1_{\{z\ge 0\}} \right )\phi \left (\frac {z-y}{\sqrt {\Psi ''(\lambda _*) m}}\right )\mathrm {d} z -\frac {c_2(\varepsilon )}{m^{(1+\delta )/2}} \|h1_{[0,\infty )}\|_1.\end {align*}


$\|h1_{[0,\infty )}\|_1\le \|H1_{[0,\infty )}\|_1$


$A_1(x)$


$t_1(\varepsilon )$


$c_3(\varepsilon )$


$t>t_1(\varepsilon )$


\begin {align*}&\frac {1}{ \sqrt {\Psi ''(\lambda _*)m}}\int _{\R _+}\left (\int _{\mathbb {R}} g(z)1_{\{z\ge \varepsilon \}}\phi \left (\frac {z-y}{\sqrt {\Psi ''(\lambda _*) m}}\right )\mathrm {d} z\right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right )\\ &\ge \frac {2 R^*(x)}{\sqrt {2\pi }\Psi ''(\lambda _*) t} \int _{\mathbb {R}_+}g(w)1_{\{w\ge \varepsilon \}} \rho \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) t}} \right ) \mathrm {d} w -\frac {c_3(\varepsilon ) (1+x) \|H1_{[0,\infty )}\|_1 }{t^{1+\varepsilon }}.\end {align*}


\begin {align*}&\frac {c_1 \varepsilon }{ \sqrt {\Psi ''(\lambda _*)m}}\int _{\R _+}\left (\int _{\mathbb {R}} h(z)1_{\{z\ge 0\}}\phi \left (\frac {z-y}{\sqrt {\Psi ''(\lambda _*) m}}\right )\mathrm {d} z\right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right )\\ &\le \frac {2c_4 \varepsilon R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*) t}\int _{\mathbb {R}_+}\!h(w) \rho \left (\!\frac {w}{ \sqrt {\Psi ''(\lambda _*) t}}\!\right ) \mathrm {d}w +\!\frac {2c_4 \sqrt {\varepsilon }R^*(x)}{\Psi ''(\lambda _*) t} \int _{\R _+} h(w)\phi \left ( \frac {w}{\sqrt {\Psi ''(\lambda _*) t}} \right ) \mathrm {d}w + \frac { c_3(\varepsilon ) (1+x) \|H1_{[0,\infty )}\|_1 }{t^{1+\varepsilon }},\end {align*}


$c_4$


$\varepsilon $


$c_5(\varepsilon )$


$t>t_1(\varepsilon )$


\begin {align}\label {lower-bound-I1} I_1(t) \ge & \frac {2 R^*(x)}{\sqrt {2\pi }\Psi ''(\lambda _*) t} \int _{\mathbb {R}_+} \left (g(w)1_{\{w\ge \varepsilon \}} -c_4\varepsilon h(w)\right ) \rho \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) t}} \right ) \mathrm {d} w -c_4\sqrt {\varepsilon } \frac {2R^*(x)}{\Psi ''(\lambda _*) t}\! \int _{\R _+}\! h(w)\phi \left (\!\frac {w}{\sqrt {\Psi ''(\lambda _*) t}}\!\right ) \mathrm {d}w\nonumber \\ &-c_5(\varepsilon ) (1+x) \|H1_{[0,\infty )}\|_1 \left (\frac {1}{t^{1+\varepsilon }} +\frac {1}{t^{1+\delta /2}}\right ).\end {align}


$I_2^1(t)$


$c_6$


$\varepsilon $


$c_7(\varepsilon )$


\begin {align*}I_2^1(t) &\le \int _{0}^{\varepsilon ^{1/6}\sqrt {[t]}} \mathbf {E}_y^{\lambda _*}\left ( h(\xi _m)1_{\{\xi _m\ge 0\}} \right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ) \\ &\le \int _{0}^{\varepsilon ^{1/6}\sqrt {[t]}} \!\frac {1+c_6\varepsilon }{ \sqrt {\Psi ''(\lambda _*)m}}\! \int _{\mathbb {R}}\!H(z) 1_{\{z\ge -\varepsilon \}} \phi \!\left (\!\frac {z-y}{ \sqrt {\Psi ''(\lambda _*) m}}\!\right )\mathrm {d}z \mathbf {P}_x^{\lambda _*}\!\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ) +\frac {c_7(\varepsilon )(1+x) \|H1_{[-\varepsilon ,\infty )}\|_1 }{m^{(1+\delta )/2}\sqrt {t-m}}.\end {align*}


$u\in \mathbb {R}$


\begin {align*}J(u):=\int _{0}^{\varepsilon ^{1/6}\sqrt {[t]}}\left ( \frac {1}{ \sqrt {\Psi ''(\lambda _*) m}} \phi \left (\frac {u-y}{ \sqrt {\Psi ''(\lambda _*) m}}\right )\right ) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ).\end {align*}


\begin {align*}&\int _{0}^{\varepsilon ^{1/6}\sqrt {[t]}} \frac {1}{ \sqrt {\Psi ''(\lambda _*) m}} \int _{\mathbb {R}}H(z)1_{\{z\ge -\varepsilon \}} \phi \left (\frac {z-y}{ \sqrt {\Psi ''(\lambda _*) m}}\right )\mathrm {d}z \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ) = \int _{\mathbb {R}}H(u)1_{\{u\ge -\varepsilon \}} J(u)\mathrm {d}u.\end {align*}


$u\in \mathbb {R}_+$


\begin {equation*}F_u(y):=\frac {1}{ \sqrt {\Psi ''(\lambda _*) m}} \phi \left (\frac {u-y}{ \sqrt {\Psi ''(\lambda _*) m}}\right ).\end {equation*}


$J(u)$


\begin {align*}J(u) & =\int _{0}^{\infty }F_u(y)\mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \xi _{t-m}\le \varepsilon ^{1/6}\sqrt {[t]},\tau _0^->t-m\right )\\ &\le \int _{0}^{\infty }F_u'(y)\mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}>y, \xi _{t-m}\in (0,\varepsilon ^{1/6}\sqrt {[t]}],\tau _0^->t-m\right )\mathrm {d}y\\ &=\int _{0}^{\varepsilon ^{1/6}\sqrt {[t]}}F_u'(y)\mathbf {P}_x^{\lambda _*}\left ( \xi _{t-m}\in (y, \varepsilon ^{1/6}\sqrt {[t]}], \tau _0^->t-m\right )\mathrm {d}y.\end {align*}


$m=[\varepsilon t]$


$t-m>T_0(\varepsilon )$


\begin {align*}\left | \mathbf {P}_x^{\lambda _*} \left ( \xi _{t-m}\in (y, \varepsilon ^{1/6}\sqrt {[t]}], \tau _0^->t-m\right ) -\frac {2R^*(x) }{\sqrt {2\pi (t-m) \Psi ''(\lambda _*)} }\int _{\frac {y}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}}^{\frac {\varepsilon ^{1/6}\sqrt {[t]} }{ \sqrt {\Psi ''(\lambda _*)(t-m)}}} \rho (z)\mathrm {d}z \right | \le \frac {C_4(\varepsilon ) (1+x)}{(t-m)^{1/2+\varepsilon }}.\end {align*}


\begin {align*}F_u(\varepsilon ^{1/6}\sqrt {[t]})-F_u(0)\le \frac {c_8(\varepsilon )}{\sqrt {t}},\end {align*}


$c_8(\varepsilon )>0$


$c_9(\varepsilon )$


$t-m>T_0(\varepsilon )$


\begin {align*}J(u) &\le \frac { c_9(\varepsilon ) (1+x)}{(t-m)^{1/2+\varepsilon }} \frac {1}{\sqrt {t}} + \frac {2R^*(x)}{\sqrt {2\pi (t-m)\Psi ''(\lambda _*)}}\int _{0}^{\varepsilon ^{1/6}\sqrt {[t]}}F_u'(y) \left (\mathcal {R}\left (\frac {\varepsilon ^{1/6}\sqrt {[t]}}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}\right )-\mathcal {R}\left (\frac {y}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}\right ) \right )\mathrm {d}y.\end {align*}


$F_u(0)\ge 0$


$c_{10}$


$\varepsilon $


\begin {align*}&\int _{0}^{\varepsilon ^{1/6}\sqrt {[t]}}F_u'(y) \left ( \mathcal {R} \left (\frac {\varepsilon ^{1/6}\sqrt {[t]}}{\sqrt {\Psi ''(\lambda _*)(t-m)}}\right )- \mathcal {R} \left (\frac {y}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}\right ) \right ) \mathrm {d}y \le \frac { c_{10} \varepsilon ^{1/12}} {\sqrt {t-m}}\phi \left (\frac {u}{ \sqrt {\Psi ''(\lambda _*) t}}\right ).\end {align*}


$c_{11}$


$\varepsilon $


$t_2(\varepsilon )$


$c_{12}(\varepsilon )$


$t>t_2(\varepsilon )$


\begin {align}\label {upper-bound-I_2^1} I_2^1(t) \le &c_{11}\varepsilon ^{1/12} \frac {2R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)}t} \int _{-\varepsilon }^{\infty } H(u) \phi \left (\frac {u}{ \sqrt {\Psi ''(\lambda _*) t}}\right )\mathrm {d}u +c_{12}(\varepsilon )(1+x) \|H1_{[-\varepsilon ,\infty )}\|_1 \left (\frac {1}{t^{1+\varepsilon }}+\frac {1}{t^{1+\delta /2}}\right ).\end {align}


$I_2^2(t)$


$I_2^2(t)$


\begin {align*}I_2^2(t) =\int _{\R } J_m(y) \mathbf {P}_x^{\lambda _*}\left (\xi _{t-m}\in \mathrm {d}y, \tau _0^->t-m\right ),\end {align*}


$J_m(y):=\mathbf {E}_y^{\lambda _*}\left (h(\xi _m) 1_{\{\xi _m\ge 0\}}1_{\{\tau _{0}^-\le m\}}\right )1_{\{y >\varepsilon ^{1/6}\sqrt {[t]}\}}$


$z\in \mathbb {R}$


\begin {align*}M_m(z):=\mathbf {E}_z^{\lambda _*}\left (H(\xi _m) 1_{\{\xi _m\ge -\varepsilon \}} 1_{\{\tau _{\varepsilon }^-\le m\}} \right )1_{\{z+\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}\}}.\end {align*}


$J_m\le _{\varepsilon }M_m$


$h$


$H$


$J_m$


$M_m$


$t-m>T_1(\varepsilon )$


\begin {align}\label {upper-bound-I2} I_2^2(t) &\le \frac {2 (1+C_5\varepsilon ) R^*(x) }{\sqrt {2\pi } \Psi ''(\lambda _*)(t-m)}\int _{\mathbb {R}_+}M_m(w) \rho \left (\frac {w}{\sqrt {\Psi ''(\lambda _*) (t-m)}}\right ) \mathrm {d}w + \frac {2C_5 \sqrt {\varepsilon } R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*) (t-m)} \int _{-\varepsilon }^{\infty } M_m(w) e^{-\frac {w^2}{2\Psi ''(\lambda _*)t}} \mathrm {d}w\nonumber \\ &\quad +C_6(\varepsilon ) (1+x) \|M_m1_{[-\varepsilon ,\infty )}\|_1 \left (\frac {1}{(t-m)^{1+\varepsilon }} +\frac {1}{(t-m)^{1+\delta /2}}\right ).\end {align}


\begin {align}\label {upper-bound-Mm} \|M_m1_{[-\varepsilon ,\infty )}\|_1 & =\int _{\R } \mathbf {E}_z^{\lambda _*}\left (H(\xi _m) 1_{\{\xi _m\ge -\varepsilon \}}1_{\{\tau _{\varepsilon }^-\le m\}} \right )1_{\{z+\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}\}}1_{\{z\ge -\varepsilon \}} \mathrm {d}z\\ &\le \int _{\R } \mathbf {E}_z^{\lambda _*}\left (H(\xi _m) 1_{\{\xi _m\ge -\varepsilon \}} \right )1_{\{z+\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}\}}1_{\{z\ge -\varepsilon \}} \mathrm {d}z\nonumber \\ &= \int _{\R } H(z) 1_{\{z\ge -\varepsilon \}}\mathbf {P}_z^{\lambda _*}\left (\widehat {\xi }_m+\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}, \widehat {\xi }_m\ge -\varepsilon \right ) \mathrm {d}z\nonumber \\ &\le \int _{-\varepsilon }^{\infty } H(z) \mathrm {d}z \le \|H1_{[-\varepsilon ,\infty )}\|_1.\nonumber \end {align}


$M_m$


\begin {align*}&\int _{\mathbb {R}_+}M_m(w) \rho \left (\frac {w}{\sqrt {\Psi ''(\lambda _*)(t-m)}}\right ) \mathrm {d}w\\ &= \int _{\mathbb {R}_+} \mathbf {E}_w^{\lambda _*}\left (H(\xi _m) 1_{\{\xi _m\ge -\varepsilon \}}1_{\{\tau _{\varepsilon }^-\le m\}} \right )1_{\{w+\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}\}} \rho \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) (t-m)}}\right ) \mathrm {d}w\\ &=\int _{\mathbb {R}} \mathbf {E}_{w+\varepsilon }^{\lambda _*}\left (H(\xi _m) 1_{\{\xi _m\ge -\varepsilon \}}1_{\{\tau _{\varepsilon }^-\le m\}} \right )1_{\{w+2\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}\}} \rho \left (\frac {w+\varepsilon }{ \sqrt {\Psi ''(\lambda _*) (t-m)}}\right ) \mathrm {d}w \\ &= \int _{\mathbb {R}} \mathbf {E}_{w}^{\lambda _*}\left (H(\xi _m+\varepsilon ) 1_{\{\xi _m+\varepsilon \ge -\varepsilon \}}1_{\{\tau _{0}^-\le m\}}\right ) 1_{\{w+2\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}\}} \rho \left (\frac {w+\varepsilon }{ \sqrt {\Psi ''(\lambda _*) (t-m)}}\right ) \mathrm {d}w \\ &= \int _{\mathbb {R}} H(w+\varepsilon )1_{\{w\ge -2\varepsilon \}} \mathbf {E}_w^{\lambda _*} \left (\rho \left ( \frac {\widehat {\xi }_m+\varepsilon } { \sqrt {\Psi ''(\lambda _*) (t-m)}}\right )1_{\{ \widehat {\xi }_m+2\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}, \widehat {\tau }_0^-\le m\}} \right )\mathrm {d}w\\ &=:J_1(t)+J_2(t),\end {align*}


\begin {align*}J_1(t):=\int _{-2\varepsilon }^{\varepsilon ^{1/4}\sqrt {[t]}} H(w+\varepsilon ) \mathbf {E}_w^{\lambda _*} \left (\rho \left ( \frac {\widehat {\xi }_m+\varepsilon } { \sqrt {\Psi ''(\lambda _*) (t-m)}}\right )1_{\{ \widehat {\xi }_m+2\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}, \widehat {\tau }_0^-\le m\}} \right )\mathrm {d}w,\end {align*}


\begin {align*}J_2(t):=\int _{\varepsilon ^{1/4}\sqrt {[t]}}^{\infty } H(w+\varepsilon ) \mathbf {E}_w^{\lambda _*} \left (\rho \left ( \frac {\widehat {\xi }_m+\varepsilon } { \sqrt {\Psi ''(\lambda _*) (t-m)}}\right )1_{\{ \widehat {\xi }_m+2\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}, \widehat {\tau }_0^-\le m\}} \right )\mathrm {d}w.\end {align*}


$J_1(t)$


$J_2(t)$


$c_{13}$


$q$


$\varepsilon $


$c_{14}(\varepsilon )$


\begin {align}\label {upper-bound-J1(t)} J_1(t)\le c_{13} \varepsilon ^{1/6} \int _{-2\varepsilon }^{\varepsilon ^{1/4}\sqrt {[t]}} H(w+\varepsilon ) \mathrm {d}w,\end {align}


\begin {align}\label {upper-bound-J_2(t)} J_2(t) \le c_{13} \varepsilon ^{1/12} \int _{\varepsilon ^{1/4}\sqrt {[t]}}^{\infty } H(w+\varepsilon )\phi \left (\frac {w}{\sqrt {\Psi ''(\lambda _*) t}}\right )\mathrm {d}w +\frac {c_{14}(\varepsilon ) }{t^q}\|H1_{[-\varepsilon ,\infty )}\|_1.\end {align}


$\phi $


$c_{15}$


$\varepsilon $


\begin {align*}&\int _{\mathbb {R}_+}M_m(w) \rho \left (\frac {w}{\sqrt {\Psi ''(\lambda _*)(t-m)}}\right ) \mathrm {d}w \le c_{15} \varepsilon ^{1/12} \int _{-2\varepsilon }^{\infty } H(w+\varepsilon )\phi \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) t}}\right )\mathrm {d}w+\frac { c_{14}(\varepsilon ) }{t^q}\|H1_{[-\varepsilon ,\infty )}\|_1.\end {align*}


$c_{16}$


$\varepsilon $


$c_{17}(\varepsilon )$


\begin {align*}\int _{-\varepsilon }^{\infty } M_m(w)e^{-\frac {w^2}{2\Psi ''(\lambda _*)t}} \mathrm {d}w \le c_{16} \varepsilon ^{1/12} \int _{-2\varepsilon }^{\infty }H(w+\varepsilon ) \phi \left (\frac {w}{\sqrt {\Psi ''(\lambda _*)t}}\right ) \mathrm {d}w +\frac {c_{17}(\varepsilon )} {t^{q}} \|H 1_{[-\varepsilon ,\infty )}\|_1.\end {align*}


$c_{18}$


$\varepsilon $


$t_3(\varepsilon )$


$c_{19}(\varepsilon )$


$t>t_3(\varepsilon )$


\begin {align}\label {upper-bd-I_2^2} I_2^2(t) \le & \frac {c_{18} R^*(x)}{\sqrt {2\pi }\Psi ''(\lambda _*) t} \varepsilon ^{1/12}\!\! \int _{-2\varepsilon }^{\infty }H(w+\varepsilon ) \phi \Big (\frac {w}{\sqrt {\Psi ''(\lambda _*)t}}\Big ) \mathrm {d}w + c_{19}(\varepsilon ) (1+x)\|H 1_{[-\varepsilon ,\infty )}\|_1 \left (\frac {1}{t^{1+\varepsilon }} +\frac {1}{t^{1+\delta /2}} +\frac {1}{t^{1+q}} \right ).\end {align}


$c_{20}>0$


$R^*(x)\le c_{20}(1+x)$


$c_{21}$


$\varepsilon $


$c_{22}(\varepsilon )$


$t_4(\varepsilon )$


$t>t_4(\varepsilon )$


\begin {align}I_2(t) &\le c_{20} \varepsilon ^{1/12} \frac {2R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*)t} \int _{-\varepsilon }^{\infty } H(u) \phi \left (\frac {u}{ \sqrt {\Psi ''(\lambda _*) t}}\right )\mathrm {d}u + c_{22}(\varepsilon ) (1+x)\|H 1_{[-\varepsilon ,\infty )}\|_1 \left (\frac {1}{t^{1+\varepsilon }} +\frac {1}{t^{1+\delta /2}}+\frac {1}{t^{1+q}}\right ).\nonumber \end {align}


$\rho $


$t_5$


$\varepsilon $


\begin {align}\label {e:elemineq} \varepsilon ^{1/6}\sqrt {[t]}-\varepsilon ^{1/4}\sqrt {[t]}-2\varepsilon >\frac {1}{2}\varepsilon ^{1/6}\sqrt {[t]}, \quad t>t_5.\end {align}


$c_{23}$


$t>t_5$


\begin {align}\label {upper-bound-J1-1} J_1(t) &\le c_{23} \int _{-2\varepsilon }^{\varepsilon ^{1/4}\sqrt {[t]}} H(w+\varepsilon ) \mathbf {P}_w^{\lambda _*} \left (\widehat {\xi }_m+2\varepsilon >\varepsilon ^{1/6}\sqrt {[t]} \right )\mathrm {d}w \le c_{23} \mathbf {P}_0^{\lambda _*} \left (\widehat {\xi }_m>\frac {1}{2}\varepsilon ^{1/6}\sqrt {[t]}\right ) \int _{-2\varepsilon }^{\varepsilon ^{1/4}\sqrt {[t]}} H(w+\varepsilon ) \mathrm {d}w.\end {align}


$u=v=\frac {1}{2}\varepsilon ^{1/6}\sqrt {[t]}$


$m=[\varepsilon t]$


$c_{24}$


$c_{25}$


$\varepsilon $


\begin {align*}\mathbf {P}_0^{\lambda _*} \left (\widehat {\xi }_m>\frac {1}{2}\varepsilon ^{1/6}\sqrt {[t]}\right ) &\le 2 \exp \Big \{\left (1+\frac {4m}{\varepsilon ^{1/3}[t]}\right )\Big \} +m\mathbf {P}_0^{\lambda _*}\left (|\widehat {\xi }_1|>\frac {1}{2}\varepsilon ^{1/6}\sqrt {[t]}\right )\nonumber \le c_{24} \varepsilon ^{2/3}+[\varepsilon t] \frac {4 \mathbf {E}_0^{\lambda _*}(\widehat {\xi }_1^2)}{\varepsilon ^{1/3}[t]} \le c_{25} \varepsilon ^{1/6},\end {align*}


$t>t_5$


$w>0$


\begin {align}\label {upper-bound-joint-proba} &\mathbf {P}_w^{\lambda _*} \left (\widehat {\xi }_m+2\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}, \widehat {\tau }_0^-\le m \right )\nonumber \\& \le \mathbf {P}_w^{\lambda _*} \left (\max _{s\in [0,m]}|\widehat {\xi }_s|>\frac {1}{2}\varepsilon ^{1/6}\sqrt {[t]} \right )^{1/2} \mathbf {P}_w^{\lambda _*} \left (\widehat {\tau }_{0}^-\le m\right )^{1/2}\nonumber \\& =\mathbf {P}_w^{\lambda _*} \left (\max _{s\in [0,m]}|\widehat {\xi }_s|>\frac {1}{2}\varepsilon ^{1/6}\sqrt {[t]} \right )^{1/2} \mathbf {P}_0^{\lambda _*} \left (\widehat {\tau }_{-w}^-\le m\right )^{1/2}.\end {align}


$W$


$\Psi ''(\lambda _*)$


$t\ge 1$


$x>0$


\begin {align*}\mathbf {P}_0^{\lambda _*}(\widehat {A}_t) \le \frac {C_3(2\varepsilon )} {t^{(\frac {1}{2}-2\varepsilon )(\delta +2)-1}},\end {align*}


$\widehat {A}_t$


\begin {align*}\widehat {A}_t:=\Big \{\sup _{s\in [0,1]}|\widehat {\xi }_{ts}-\widehat {W}_{ts}|>t^{\frac {1}{2}-2\varepsilon }\Big \}.\end {align*}


$q$


$\varepsilon $


$c_{26}(\varepsilon )$


\begin {align}\label {proba-A_m} \mathbf {P}_0^{\lambda _*} \left (\widehat {\tau }_{-w}^-\le m,\widehat {A}_m\right ) \le \frac {C_3(2\varepsilon ) }{m^{(\frac {1}{2}-2\varepsilon )(\delta +2)-1}} \le \frac {c_{26}(\varepsilon )}{t^{2q}}.\end {align}


$w>\varepsilon ^{1/4}\sqrt {[t]}$


$c_{27}$


\begin {align}\label {proba-A_m^C} &\mathbf {P}_0^{\lambda _*} \left (\widehat {\tau }_{-w}^-\le m,A_m^c\right ) =\mathbf {P}_0^{\lambda _*} \left ( \inf _{s\in [0,m]}\widehat {\xi }_s<-w,\widehat {A}_m^c \right )\nonumber \\ &\le \mathbf {P}_0^{\lambda _*}\left ( \inf _{s\in [0,m]}\widehat {W}_s <m^{\frac {1}{2}-2\varepsilon }-w\right ) =\frac {2}{\sqrt {2\pi \Psi ''(\lambda _*) m}}\int _{w-m^{\frac {1}{2}-2\varepsilon }}^{\infty }e^{-\frac {s^2}{2\Psi ''(\lambda _*) m}}\mathrm {d}s\nonumber \\ &\le c_{27} \int _{\frac {w}{2 \sqrt {\Psi ''(\lambda _*) m}}}^{\infty }e^{-\frac {s^2}{2}}\mathrm {d}s \le \frac {2 c_{27} \sqrt {\Psi ''(\lambda _*) m}}{w} e^{-\frac {w^2}{8\Psi ''(\lambda _*) m}},\end {align}


$\int _{a}^{\infty }e^{-\frac {s^2}{2}}\mathrm {d}s\le \frac {1}{a}e^{-\frac {a^2}{2}}$


$a>0$


$w>\varepsilon ^{1/4}\sqrt {[t]}$


$\frac {\sqrt {m}}{w}\le 1$


\begin {align*}\mathbf {P}_0^{\lambda _*} \left (\widehat {\tau }_{-w}^-\le m\right )^{1/2} \le c_{28} \phi \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) t}}\right )+\frac { c_{29}(\varepsilon ) }{t^q},\end {align*}


$c_{28}$


$c_{29}(\varepsilon )$


\begin {align*}\mathbf {P}_w^{\lambda _*} \left (\max _{s\in [0,m]}|\widehat {\xi }_s|>\frac {1}{2}\varepsilon ^{1/6}\sqrt {[t]} \right ) \le c_{30}\varepsilon ^{1/6}+\frac {c_{31}(\varepsilon )}{t^{2q}},\end {align*}


$c_{30}$


$c_{31}(\varepsilon )$


$c_{32}$


$c_{33}(\varepsilon )$


\begin {align*}\mathbf {P}_w^{\lambda _*} \left (\widehat {\xi }_m+2\varepsilon >\varepsilon ^{1/6}\sqrt {[t]}, \widehat {\tau }_0^-\le m \right ) \le c_{32} \varepsilon ^{1/12}\phi \left (\frac {w}{ \sqrt {\Psi ''(\lambda _*) t}}\right )+\frac { c_{33}(\varepsilon ) }{t^q},\quad w>\varepsilon ^{1/4}\sqrt {[t]}.\end {align*}


$\xi $


$\mathbf {E}_0[\xi _1]<0$


$C_{11}$


$q$


$\varepsilon \in (0,\varepsilon _0)$


$T_4(\varepsilon )$


$C_{12}(\varepsilon )$


$x>0$


$t>T_4(\varepsilon )$


$h,H,g:\R \to \R _+$


$g\le _{\varepsilon }h\le _{\varepsilon }H$


$\int _{\R _+}H(z-\varepsilon )(1+z)\mathrm {d}z<\infty $


\begin {align*}\mathbf {E}_x^{\lambda ^*} \left (h(\xi _t) 1_{\{ \tau _{0}^->t\}}\right ) &\ge \left (1-C_{11}t^{-1/2}-C_{12}(\varepsilon )t^{-\varepsilon }\right ) \frac {2R^*(x)}{\sqrt {2\pi \Psi ''(\lambda _*)^3} t^{3/2}}\int _{\mathbb {R}_+} g(z+\varepsilon ) \widehat {R}^*(z)\mathrm {d}z\\ &\quad -C_{12}(\varepsilon ) \left (1+C_{11}\varepsilon t^{-1/2}+t^{-\varepsilon }\right ) \frac {2R^*(x)}{\sqrt {2\pi \Psi ''(\lambda _*)^3} t^{3/2}}\int _{\mathbb {R}_+} H(z-\varepsilon ) \widehat {R}^*(z)\mathrm {d}z\\ &\quad -\frac {C_{12}(\varepsilon )(1+x)}{\sqrt {t}} \left (\frac {1}{t^{1+\varepsilon }} +\frac {1}{t^{1+\delta /2}}+\frac {1}{t^{1+q}} \right )\int _{\R _+} H(z-\varepsilon )(1+z) \mathrm {d}z.\end {align*}


$H_m$


$I_m$


$\varepsilon \in (0,\varepsilon _0)$


$h,H,g:\R \to \R _+$


$g\le _{\varepsilon }h\le _{\varepsilon }H$


$\int _{\R _+}H(z-\varepsilon )(1+z)\mathrm {d}z<\infty $


$y\in \mathbb {R}$


\begin {align*}N_m(y):=\mathbf {E}_y^{\lambda _*}\left (g(\xi _m) 1_{\{\xi _m \ge \varepsilon \}}1_{\{\tau _{\varepsilon }^-> m\}}\right ).\end {align*}


$y>0$


$|v|\le \varepsilon $


\begin {align*}N_m(y) \le \mathbf {E}_y^{\lambda _*}\left (h(\xi _m+v) 1_{\{\xi _m \ge \varepsilon \}}1_{\{\tau _{\varepsilon }^-> m\}}\right ) \le \mathbf {E}_{y}^{\lambda _*}\left (h(\xi _m+v)1_{\{\tau _{-v}^-> m\}}\right ) = I_m(y+v).\end {align*}


$N_m\le _{\varepsilon }I_m \le _{\varepsilon }H_m$


$h=I_m$


$t-m>T_3(\varepsilon )$


\begin {align*}&\mathbf {E}_x^{\lambda _*}\left (h(\xi _t) 1_{\{ \tau _{0}^->t\}}\right ) =\mathbf {E}_x^{\lambda _*}\left (I_m(\xi _{t-m}),\tau _0^->t-m\right )\\ &\ge \frac {2R^*(x)}{\sqrt {2\pi }\Psi ''(\lambda _*)(t-m)} \int _{\mathbb {R}_+}N_m(z) 1_{\{z\ge \varepsilon \}} \rho \left (\frac {z}{ \sqrt {\Psi ''(\lambda _*)(t-m)}} \right )\mathrm {d} z\\ &-\frac {2C_9 \varepsilon R^*(x)}{\sqrt {2\pi }\Psi ''(\lambda _*)(t-m)} \int _{\mathbb {R}_+}I_m(z)\rho \left (\frac {z}{ \sqrt {\Psi ''(\lambda _*)(t-m)}} \right )\mathrm {d} z\\ &-\frac { C_9 \varepsilon ^{1/12} R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*)(t-m)} \int _{-\varepsilon }^{\infty } H_m(z)\phi \left (\frac {z}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}\right )\mathrm {d}z\\ &-C_{10}(\varepsilon ) (1+x) \|H_m1_{[-\varepsilon ,\infty )}\|_1 \left ( \frac {1}{(t-m)^{1+\delta /2}}+\frac {1}{(t-m)^{1+\varepsilon }} +\frac {1}{(t-m)^{1+q}} \right )=:\sum _{i=1}^{4}K_i,\end {align*}


$q$


\begin {align*}&K_1 =\frac {2R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*)(t-m)}\! \int _{\mathbb {R}_+}\! \mathbf {E}_z^{\lambda _*}\! \left (g(\xi _m)1_{\{\xi _m\ge \varepsilon \}} 1_{\{\tau _{\varepsilon }^-> m\}}\right )1_{\{z\ge \varepsilon \}} \rho \left (\!\frac {z}{ \sqrt {\Psi ''(\lambda _*)(t-m)}}\! \right )\!\mathrm {d} z\\ =&\frac {2R^*(x) }{\sqrt {2\pi }\Psi ''(\lambda _*)(t-m)} \int _{\mathbb {R}_+} g(z+\varepsilon ) \mathbf {E}_z^{\lambda _*}\left (\rho \left (\frac {\widehat {\xi }_m+\varepsilon }{ \sqrt {\Psi ''(\lambda _*)(t-m)}} \right )1_{\{\widehat {\tau }_0^-> m\}}\right ) \mathrm {d} z.\end {align*}


$c_1$


$\varepsilon $


$c_2(\varepsilon )$


\begin {align}\label {lower-bound-K1} K_1 &\ge \left (1-c_1t^{-1/2}\right ) \frac {2R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3} t^{3/2}}\int _{\mathbb {R}_+} g(z+\varepsilon )\widehat {R}^*(z) \mathrm {d}z -\frac {2c_2(\varepsilon ) R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3} t^{3/2+\varepsilon }} \int _{\mathbb {R}_+} g(z+\varepsilon )(1+z) \mathrm {d}z.\end {align}


$c_3$


$\varepsilon $


$c_4(\varepsilon )$


\begin {align}\label {lower-bound-K2} K_2 &\ge -c_3\varepsilon (1+c_3\varepsilon t^{-1/2}) \frac {2R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3}t^{3/2}} \int _{\mathbb {R}_+} H(z-\varepsilon ) \widehat {R}^*(z) \mathrm {d} z -c_4(\varepsilon ) \frac {2R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3}t^{3/2+\varepsilon }} \int _{\mathbb {R}_+} H(z-\varepsilon ) (1+z)\mathrm {d} z,\end {align}


\begin {align}\label {lower-bound-K3} K_3 &\ge -c_3 \varepsilon ^{1/12}(1+c_3\varepsilon t^{-1/2}) \frac {2R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3}t^{3/2}} \int _{\mathbb {R}_+} H(z-\varepsilon ) \widehat {R}^*(z) \mathrm {d} z -c_4(\varepsilon ) \frac {2R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3}t^{3/2+\varepsilon }} \int _{\mathbb {R}_+} H(z-\varepsilon ) (1+z)\mathrm {d} z.\end {align}


\begin {align}\label {lower-bound-K4} K_4 &\ge -\frac { c_5(\varepsilon ) (1+x)}{\sqrt {t}} \left (\frac {1}{t^{1+\varepsilon }} +\frac {1}{t^{1+\delta /2}} +\frac {1}{t^{1+q}} \right )\int _{\R _+}(1+z) H(z-\varepsilon ) \mathrm {d}z,\end {align}


$c_5(\varepsilon )$


$h:\mathbb {R} \to \mathbb {R}_+$


$z\mapsto h(z)(1+|z|)$


$a \in (0,1)$


$\int _{\mathbb {R}}\bar {h}_{a,\varepsilon }(1+|z|)\mathrm {d}z<\infty $


$\varepsilon \in (0,a)$


$\bar {h}_{a,\varepsilon }$


$h$


$t>T_2(\varepsilon )$


\begin {align*}t^{3/2}\mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right ) &\le \left (1+C_7t^{-1/2}+C_7\sqrt {\varepsilon }\right ) \frac {2 R^*(x)}{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\int _{\mathbb {R}_+} \bar {h}_{a_m,\varepsilon }(z-\varepsilon ) \widehat {R}^*(z) \mathrm {d}z\\ &\quad +\frac { 2C_7R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3} t^{\varepsilon }}\int _{\mathbb {R}_+} \bar {h}_{a_m,\varepsilon }(z-\varepsilon ) (1+z)\mathrm {d}z\\ &\quad + C_8(\varepsilon ) (1+x)\left ( \frac {1}{t^{\varepsilon }} +\frac {1}{t^{\delta /2}}\right )\int _{\mathbb {R}_+} \bar {h}_{a_m,\varepsilon }(z-\varepsilon ) (1+z)\mathrm {d}z,\end {align*}


$a_m=2^{-m}a$


$m\ge 0$


$t>T_4(\varepsilon )$


\begin {align*}t^{3/2}\mathbf {E}_x^{\lambda _*}\left (h(\xi _t) 1_{\{ \tau _{0}^->t\}}\right ) &\ge \left (1-C_{11}t^{-1/2}-C_{12}(\varepsilon )t^{-\varepsilon }\right ) \frac {2R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3} }\int _{\mathbb {R}_+} \underline {h}_{a_m,\varepsilon }(z+\varepsilon ) \widehat {R}^*(z) \mathrm {d}z\\ &\quad -C_{11}\varepsilon \left (1+C_{11}\varepsilon t^{-1/2}+t^{-\varepsilon }\right ) \frac {2R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3} }\int _{\mathbb {R}_+} \bar {h}_{a_m,\varepsilon }(z-\varepsilon ) \widehat {R}^*(z) \mathrm {d}z\\ &\quad -C_{12}(\varepsilon ) (1+x)\left (\frac {1}{t^{\varepsilon }} +\frac {1}{t^{\delta /2}} +\frac {1}{t^{q}} \right )\int _{\R _+}(1+z) \bar {h}_{a_m,\varepsilon }(z-\varepsilon ) \mathrm {d}z.\end {align*}


$h$


$0$


$(0,\infty )$


\begin {align}\int _{\R _+}h(z)\widehat {R}^*(z)\mathrm {d}z\ge \widehat {R}^*(0)\int _{\R _+}h(z)\mathrm {d}z>0.\nonumber \end {align}


\begin {align}\label {upper-bound-loacl-limit} \limsup _{t\to \infty } \frac {t^{3/2}\mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right )}{\frac { 2 R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\int _{\mathbb {R}_+}h(z) \widehat {R}^*(z)\mathrm {d}z} &\le \left (1+C_7\sqrt {\varepsilon }\right ) \limsup _{t\to \infty }I(\varepsilon ,m),\end {align}


\begin {align*}\limsup _{t\to \infty } \frac {t^{3/2}\mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right )}{\frac { 2 R^*(x) }{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\int _{\mathbb {R}_+}h(z) \widehat {R}^*(z)\mathrm {d}z} &\ge \limsup _{t\to \infty } \left (J(\varepsilon ,m) -C_{11}\varepsilon I(\varepsilon ,m)\right ),\end {align*}


\begin {align*}I(\varepsilon ,m):=\frac {\int _{\mathbb {R}_+} \bar {h}_{a_m,\varepsilon }(z-\varepsilon ) \widehat {R}^*(z)\mathrm {d}z}{\int _{\mathbb {R}_+}h(z) \widehat {R}^*(z)\mathrm {d}z}, \quad J(\varepsilon ,m):=\frac {\int _{\mathbb {R}_+} \underline {h}_{a_m,\varepsilon }(z+\varepsilon ) (1+z)\mathrm {d}z}{\int _{\mathbb {R}_+}h(z) \widehat {R}^*(z)\mathrm {d}z}.\end {align*}


$I(y, \varepsilon , m)$


\begin {align*}\lim _{\varepsilon \to \infty }\limsup _{t\to \infty }I(\varepsilon ,m) =1.\end {align*}


\begin {align*}\limsup _{t\to \infty } t^{3/2}\mathbf {E}_x^{\lambda _*}\left (h(\xi _t)1_{\{ \tau _{0}^->t\}}\right ) \le \frac {2 R^*(x)}{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\int _{\mathbb {R}_+}h(z) \widehat {R}^*(z)\mathrm {d}z.\end {align*}


$x,t>0$


$y\ge 0$


\begin {align*}u(x,t):=\P _x(\zeta >t),\end {align*}


\begin {align*}Q_y(x,t):=\P _x(M_t>y).\end {align*}


\begin {align*}Q_0(x,t):=\P _x(M_t>0) =\P _x(\zeta >t)=u(x,t).\end {align*}


$B_b^+(\mathbb {R}_+)$


$\mathbb {R}_+$


$h\in B_b^+(\mathbb {R}_+)$


\begin {align*}u_h(x,t):=\E _x\left (e^{-\int _{\mathbb {R}_+}h(y) Z_t^0(\mathrm {d}y) }\right ),\quad t>0,~x>0,\end {align*}


\begin {align*}u_h(x,t)=\mathbf {E}_x\left (e^{-h(\xi _{t\land \tau _0^-})}\right )+\beta \mathbf {E}_x\left ( \int _{0}^{t}\left (\sum _{k=0}^{\infty }p_ku_h(\xi _{s\land \tau _0^-},t-s)^k-u_h(\xi _{s\land \tau _0^-},t-s)\right )\mathrm {d}s\right ).\end {align*}


$v_h(x,t)=1-u_h(x,t)$


\begin {align*}v_h(x,t)=\mathbf {E}_x\left (1-e^{-h(\xi _{t\land \tau _0^-})}\right )-\mathbf {E}_x\left (\int _{0}^{t}\Phi (v_h(\xi _{s\land \tau _0^-},t-s))\mathrm {d}s\right ).\end {align*}


$x,t>0$


$y\ge 0$


\begin {align}\label {expectation-expression-Q} Q_y(x,t) =e^{-\alpha t}\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>y\}}e^{-\int _{0}^{t} \varphi (Q_y(\xi _s,t-s))\mathrm {d}s}\right ).\end {align}


$x,t>0$


$y\ge 0$


\begin {align*}1-Q_y(x,t) &=\P _x(M_t\le y) =\P _x(Z^0_t(y,\infty )=0) =\lim _{\theta \to \infty } \E _x\left (e^{-\theta Z^0_t(y,\infty )}\right ) =\lim _{\theta \to \infty } \E _x\left (e^{-\int _{\mathbb {R}_+}\theta 1_{(y,\infty )}(z) Z^0_t(\mathrm {d}z)}\right ).\end {align*}


$h(z)=1_{(y,\infty )}(z)$


\begin {align*}&Q_y(x,t) =\lim _{\theta \to \infty }\mathbf {E}_x\left (1-e^{-\theta 1_{(y,\infty )}(\xi _{t\land \tau _0^-})}\right )-\mathbf {E}_x\left (\int _{0}^{t}\Phi (Q_y(\xi _{s\land \tau _0^-},t-s))\mathrm {d}s\right )\\ &=\mathbf {P}_x\left (\xi _{t\land \tau _0^-}>y\right )-\mathbf {E}_x\left (\int _{0}^{t}\Phi (Q_y(\xi _{s\land \tau _0^-},t-s))\mathrm {d}s\right ).\end {align*}


$Q_y(x,t)$


\begin {align}\label {int-Q} u(x,t)=\mathbf {P}_x\left (\xi _{t\land \tau _0^-}>y\right )-\mathbf {E}_x\left (\int _{0}^{t}\Phi (u(\xi _{s\land \tau _0^-},t-s))\mathrm {d}s\right ).\end {align}


$s\in [0,t]$


\begin {align*}A_{s,t}=-\int _{s}^{t}\frac {\Phi (Q_y(\xi _{r\land \tau _0^{-}},t-r))}{Q_y(\xi _{r\land \tau _0^{-}},t-r)}\mathrm {d}r.\end {align*}


$\frac {\Phi (u)}{u}=\varphi (u)+\alpha $


$u\in (0,1]$


$\mathbf {E}_x\left (e^{A_{0,t}}1_{\{\tau _0^->t,\xi _t>y\}}\right )$


\begin {align*}e^{A_{0,t}}=1-\int _{0}^{t}e^{A_{s,t}}\frac {\Phi (Q_y(\xi _{s\land \tau _0^{-}},t-s))}{Q_y(\xi _{s\land \tau _0^{-}},t-s)}\mathrm {d}s.\end {align*}


\begin {align}\label {equation-A} \mathbf {E}_x\left (e^{A_{0,t}}1_{\{\tau _0^->t,\xi _t>y\}}\right ) =&\mathbf {P}_x\left (\xi _{t\land \tau _0^-}>y\right ) -\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>y\}}\int _{0}^{t}e^{A_{s,t}}\frac {\Phi (Q_y(\xi _s,t-s))}{Q_y(\xi _s,t-s)}\mathrm {d}s\right ).\end {align}


\begin {align*}A_{s,t}=\int _{0}^{t-s}\frac {\Phi (Q_y(\xi _{(r+s)\land \tau _0^{-}},t-r-s))}{Q_y(\xi _{(r+s)\land \tau _0^{-}},t-r-s)}\mathrm {d}r,\end {align*}


$\mathbf {E}_x\left (e^{A_{0,t}}1_{\{\tau _0^->t,\xi _t>y\}}\right )$


\begin {align*}Q_y(x,t) &=\mathbf {E}_x\left (e^{A_{0,t}}1_{\{\tau _0^->t,\xi _t>y\}}\right ) =e^{-\alpha t}\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>y\}}e^{-\int _{0}^{t}\varphi (Q_y(\xi _r,t-s))\mathrm {d}s}\right ).\end {align*}


$\xi $


$x>0$


$\mathbf {E}_0\left (\xi _1\right )=0$


$y\ge 0$


\begin {align*}\liminf _{t\to \infty }\sqrt {t}e^{\alpha t}Q_{\sqrt {t}y}(x,t)\ge 2C_{sub}R(x)\phi _{\sigma ^2}(y).\end {align*}


$\mathbf {E}_0\left (\xi _1\right )>0$


\begin {align*}\liminf _{t\to \infty }e^{\alpha t}u(x,t) \ge q_x C_{sub}.\end {align*}


$y\in \mathbb {R}$


\begin {align*}\liminf _{t\to \infty }e^{\alpha t}Q_{\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t}(x,t) \ge q_x C_{sub} \int _{\frac {y}{\sigma }}^{\infty }\phi (z)\mathrm {d}z.\end {align*}


$\mathbf {E}_0\left (\xi _1\right )<0$


$y\ge 0$


\begin {align*}\liminf _{t\to \infty }t^{3/2}e^{\left (\alpha -\Psi (\lambda _*)\right )t} Q_y(x,t) \ge \frac {2C_{sub}R^*(x) e^{\lambda _*x}}{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\int _{y}^{\infty }e^{-\lambda _* z} \widehat {R}^*(z) \mathrm {d}z.\end {align*}


$y\ge 0$


$Q$


\begin {align*}Q_y(x,t) \le \P _x(\zeta >t) \le \P _x(\widetilde {\zeta }>t)=g(t).\end {align*}


\begin {align}\label {lower-bound-Q} &Q_{y}(x,t) =e^{-\alpha t}\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t> y\}}e^{-\int _{0}^{t} \varphi (Q_{y}(\xi _s,t-s))\mathrm {d}s}\right )\nonumber \\ &\ge e^{-\alpha t}e^{-\int _{0}^{t} \varphi (g(t-s))\mathrm {d}s}\mathbf {P}_x\left (\tau _0^->t,\xi _t> y\right ) \ge C_{sub}e^{-\alpha t}\mathbf {P}_x\left (\tau _0^->t,\xi _t> y\right ),\end {align}


$u(x, t)=Q_0(x, t)$


$\Psi '(0+)=\mathbb {E}_0(\xi _1)$


\begin {align*}\liminf _{t\to \infty }e^{\alpha t} u(x,t) \ge \liminf _{t\to \infty }C_{sub} \mathbf {P}_x\left (\tau _0^->t\right ) =q_xC_{sub}.\end {align*}


$y$


$\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right )t$


$f(x)=1_{(y,\infty )}(x)$


$\xi $


$\mathbf {E}_0\left (\xi _1\right )=0$


$x>0$


$y\ge 0$


\begin {align*}\limsup _{t\to \infty }\sqrt {t}e^{\alpha t}Q_{\sqrt {t}y}(x,t)\le 2C_{sub}R(x)\phi _{\sigma ^2}(y).\end {align*}


$\varphi $


$Q_y(\cdot , t)$


$N>0$


$t>N$


\begin {align*}Q_{\sqrt {t}y}(x,t) &\le e^{-\alpha t}\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>\sqrt {t}y\}}e^{-\int _{t-N}^{t} \varphi (Q_{\sqrt {t}y}(\xi _s,t-s))\mathrm {d}s}\right ) \le e^{-\alpha t}\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>\sqrt {t}y\}}e^{-\int _{0}^{N} \varphi (Q_{\sqrt {t}y}(\inf _{r\in [t-N,t]}\xi _r,s))\mathrm {d}s}\right ).\end {align*}


$\gamma \in (0,\frac {1}{2})$


\begin {align*}J_1(t):=\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>\sqrt {t}y,\inf _{r\in [t-N,t]}\xi _r\ge \sqrt {t}y+t^{\gamma }\}}e^{-\int _{0}^{N} \varphi (Q_{\sqrt {t}y}(\inf _{r\in [t-N,t]}\xi _r,s))\mathrm {d}s}\right ),\end {align*}


\begin {align*}J_2(t):=\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>\sqrt {t}y,\inf _{r\in [t-N,t]}\xi _r< \sqrt {t}y+t^{\gamma }\}}e^{-\int _{0}^{N} \varphi (Q_{\sqrt {t}y}(\inf _{r\in [t-N,t]}\xi _r,s))\mathrm {d}s}\right ).\end {align*}


$Q_{\sqrt {t}y}(x,t) \le e^{-\alpha t}(J_1(t)+J_2(t))$


$Q_{\sqrt {t}y}(x,t)$


$x$


\begin {align}\label {upper-bound-J1} J_1(t) \le e^{-\int _{0}^{N} \varphi (Q_{\sqrt {t}y}(\sqrt {t}y+t^{\gamma },s))\mathrm {d}s}\mathbf {P}_x\left (\tau _0^->t,\xi _t>\sqrt {t}y\right ).\end {align}


\begin {align*}Q_{\sqrt {t}y}(x,t) \ge g(t)\mathbf {P}_x\left (\tau _0^->t,\xi _t>\sqrt {t}y\right ).\end {align*}


\begin {align*}e^{-\int _{0}^{N} \varphi (Q_{\sqrt {t}y}(\sqrt {t}y+t^{\gamma },s))\mathrm {d}s} \le \exp \Big \{-\int _{0}^{N}\varphi \left (g(s)\mathbf {P}_{\sqrt {t}y+t^{\gamma }}\left (\tau _0^->s,\xi _s>\sqrt {t}y\right )\right ) \mathrm {d} s \Big \}.\end {align*}


\begin {align}\label {limsup-upper-bound-J1} \limsup _{N\to \infty }\limsup _{t\to \infty } \frac {J_1(t)}{\mathbf {P}_x\left (\tau _0^->t,\xi _t>\sqrt {t}y\right )} \le \limsup _{N\to \infty }e^{-\int _{0}^{N} \varphi (g(s))\mathrm {d}s} =C_{sub}.\end {align}


\begin {align*}\label {upper-bound-limsup-J1} \limsup _{N\to \infty }\limsup _{t\to \infty }\sqrt {t}J_1(t) \le 2C_{sub}R(x)\phi _{\sigma ^2}(y).\end {align*}


\begin {equation}\label {toshow-J2} \lim _{t\to \infty }\sqrt {t}J_2(t)=0.\end {equation}


$\epsilon >0$


$t>N$


\begin {align*}J_2(t) &\le \mathbf {P}_x\left (\tau _0^->t,\xi _t>\sqrt {t}y,\inf _{r\in [t-N,t]}\xi _r< \sqrt {t}y+t^{\gamma }\right )\\ &\le \mathbf {P}_x\left (\tau _0^->t,\sqrt {t}y<\xi _t\le \sqrt {t}(y+\epsilon )\right ) +\mathbf {P}_x\left (\tau _0^->t,\xi _t>\sqrt {t}(y+\epsilon ),\inf _{r\in [t-N,t]}\xi _r< \sqrt {t}y+t^{\gamma }\right ).\end {align*}


\begin {align*}\lim _{t\to \infty }\sqrt {t}\mathbf {P}_x\left (\tau _0^->t,\sqrt {t}y<\xi _t\le \sqrt {t}(y+\epsilon )\right ) =\frac {2R(x)}{\sqrt {2\pi \sigma ^2}} \int _{\frac {y}{\sigma }}^{\frac {y+\epsilon }{\sigma }} \rho (z) \mathrm {d} z\xrightarrow {\epsilon \to 0}0.\end {align*}


$t>0$


$\kappa \in (0,\frac {\delta }{2(2+\delta )})$


\begin {align*}\label {def-event-A} A_t:=\left \{\sup _{s\in [0,1]}|\xi _{ts}-\xi _0-W_{ts}|>t^{\frac {1}{2}-\kappa }\right \},\end {align*}


$W$


$\xi $


$k<t-N$


\begin {align*}&\mathbf {P}_x\left (\tau _0^->t,\xi _t>\sqrt {t}(y+\epsilon ),\inf _{r\in [t-N,t]}\xi _r< \sqrt {t}y+t^{\gamma }\right )\\ =&\mathbf {E}_x\left (1_{\{\tau _0^->k\}}\mathbf {P}_{\xi _k}\left (\tau _0^->t-k,\xi _{t-k}>\sqrt {t}(y+\epsilon ),\inf _{r\in [t-k-N,t-k]}\xi _r< \sqrt {t}y+t^{\gamma }\right )\right ) \le H_1(t)+H_2(t),\end {align*}


\begin {align*}H_1(t):=\mathbf {E}_x\left (1_{\{\tau _0^->k\}}\mathbf {P}_{\xi _k}\left (\tau _0^->t-k,\xi _{t-k}>\sqrt {t}(y+\epsilon ),A_{t-k}\right )\right ),\end {align*}


\begin {align*}H_2(t):=\mathbf {E}_x\left (\mathbf {P}_{\xi _k}\left (\xi _{t-k}>\sqrt {t}(y+\epsilon ),\inf _{r\in [t-k-N,t-k]}\xi _r< \sqrt {t}y+t^{\gamma }, A_{t-k}^c\right )\right ).\end {align*}


\begin {equation}\label {H1-H2-limit0} \limsup _{t\to \infty }\sqrt {t}H_1(t)=0,\quad \mbox { and }\quad \limsup _{t\to \infty }\sqrt {t}H_2(t)=0.\end {equation}


$k<t$


\begin {align*}H_1(t) &\le \frac {C C_3(\kappa )} {(t-k)^{(\frac {1}{2}-\kappa )(\delta +2) -1} }\frac {1+x}{\sqrt {k}},\end {align*}


$C>0$


$k=\frac {t}{2}$


\begin {align}\label {limit-H1} \limsup _{t\to \infty }\sqrt {t}H_1(t) = 0.\end {align}


$z>0$


\begin {align*}&\mathbf {P}_z\left (\xi _{t-k}>\sqrt {t}(y+\epsilon ),\inf _{r\in [t-k-N,t-k]}\xi _r< \sqrt {t}y+t^{\gamma },A_{t-k}^c\right ) \le \mathbf {Q}_z\left (W_{t-k}>\sqrt {t}(y+\epsilon )-t^{\frac {1}{2}-\kappa },\inf _{r\in [t-k-N,t-k]}W_r < \sqrt {t}y+t^{\gamma }+t^{\frac {1}{2}-\kappa }\right ),\end {align*}


$(W_t,\mathbf {Q}_z)$


$\sigma ^2$


$z$


$z>0$


\begin {align*}&\lim _{t\to \infty }\sqrt {t}\mathbf {P}_z\left (\xi _{t-k}>\sqrt {t}(y+\epsilon ),\inf _{r\in [t-k-N,t-k]}\xi _r< \sqrt {t}y+t^{\gamma },A_{t-k}^c\right ) \le \lim _{t\to \infty }\sqrt {t}\mathbf {Q}_0\left (\inf _{r\in [0,N]}W_r<-\epsilon \sqrt {t}+t^{\gamma }+2t^{\frac {1}{2}-\kappa }\right )\\ =&\lim _{t\to \infty }\sqrt {t}\mathbf {Q}_0\left (\max _{r\in [0,N]}W_r>\epsilon \sqrt {t}-t^{\gamma }-2t^{\frac {1}{2}-\kappa }\right ) =0,\end {align*}


\begin {align}\label {limit-H2} \lim _{t\to \infty }\sqrt {t} H_2(t)=0.\end {align}


$\xi $


$\mathbf {E}_0\left (\xi _1\right )>0$


$x>0$


\begin {align*}\limsup _{t\to \infty }e^{\alpha t}u(x,t) \le q_x C_{sub}.\end {align*}


$y\in \mathbb {R}$


\begin {align*}\limsup _{t\to \infty }e^{\alpha t}Q_{\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right )t}(x,t) \le q_x C_{sub} \int _{\frac {y}{\sigma }}^{\infty }\phi (z) \mathrm {d}z.\end {align*}


$\gamma \in (0,\frac {1}{2})$


$N>0$


$t>N$


\begin {align*}Q_{\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t}(x,t) & \le e^{-\alpha t}\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t\}}e^{-\int _{t-N}^{t} \varphi (Q_{\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t}(\xi _s,t-s))\mathrm {d}s}\right )\\ &\le e^{-\alpha t}\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t\}}e^{-\int _{0}^{N} \varphi (Q_{\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t}(\inf _{r\in [t-N,t]}\xi _r,s))\mathrm {d}s}\right )\\ &=:e^{-\alpha t} (K_1(t)+K_2(t)),\end {align*}


\begin {align*}K_1(t):= \mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t,\inf _{r\in [t-N,t]}\xi _r\ge \sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t+t^{\gamma }\}}e^{-\int _{0}^{N} \varphi (Q_{\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t}(\inf _{r\in [t-N,t]}\xi _r,s))\mathrm {d}s}\right ),\end {align*}


\begin {align*}K_2(t):= \mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t,\inf _{r\in [t-N,t]}\xi _r< \sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t+t^{\gamma }\}}e^{-\int _{0}^{N} \varphi (Q_{\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t}(\inf _{r\in [t-N,t]}\xi _r,s))\mathrm {d}s}\right ).\end {align*}


\begin {align}\label {upper-bound-limsup-J1-rho>0} \limsup _{N\to \infty }\limsup _{t\to \infty } \frac { K_1(t) }{\mathbf {P}_x\left (\tau _0^->t,\xi _t>\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t\right )} \le C_{sub}.\end {align}


\begin {align*}\limsup _{N\to \infty }\limsup _{t\to \infty } K_1(t) \le q_x C_{sub} \int _{\frac {y}{\sigma }}^{\infty }\phi (z) \mathrm {d}z.\end {align*}


$\lim _{t\to \infty }K_2(t)=0$


$\epsilon >0$


\begin {align*}&K_2(t) \le \mathbf {P}_x\left (\tau _0^->t,\xi _t>\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t,\inf _{r\in [t-N,t]}\xi _r< \sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t+t^{\gamma }\right )\\ &\le \mathbf {P}_x\left (\tau _0^->t,\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right )t<\xi _t\le \sqrt {t}(y+\epsilon )+\mathbf {E}_0\left (\xi _1\right ) t\right ) +\mathbf {P}_x\left (\xi _t>\sqrt {t}(y+\epsilon )+\mathbf {E}_0\left (\xi _1\right ) t,\inf _{r\in [t-N,t]}\xi _r< \sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t+t^{\gamma }\right ).\end {align*}


\begin {align}\label {first-part-J2} \lim _{t\to \infty }\mathbf {P}_x\left (\tau _0^->t,\sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t<\xi _t\le \sqrt {t}(y+\epsilon )+\mathbf {E}_0\left (\xi _1\right )t\right ) \xrightarrow {\epsilon \to 0} 0.\end {align}


$\mathbf {E}_0(\xi _1)>0$


$\left ((\xi _t-\mathbf {E}_0(\xi _1)t)_{t\ge 0}, (\mathbf {P}_x)_{x\in \mathbb {R}}\right )$


$\mathbf {E}_0(\xi _1-\mathbf {E}_0(\xi _1))=0$


$W$


$\sigma ^2=\mathbf {E}_0(\xi _1^2)$


$t\ge 1$


\begin {align}\label {upper-bound-Dt} \mathbf {P}_x \left (\sup _{s\in [0,1]}|(\xi _{ts}-\mathbf {E}_0(\xi _1)ts)-x-W_{ts}|>t^{\frac {1}{2}-\kappa }\right ) \le \frac {C_3(\kappa ) }{t^{(\frac {1}{2}-\kappa )(\delta +2)-1}},\end {align}


$\kappa $


$C_3(\kappa )$


\begin {align*}D_t:=\left \{\sup _{s\in [0,1]}|(\xi _{ts}-\mathbf {E}_0(\xi _1)ts)-x-W_{ts}|>t^{\frac {1}{2}-\kappa }\right \},\end {align*}


$\lim _{t\to \infty }\mathbf {P}_x\left (D_t\right )=0$


\begin {align*}&\mathbf {P}_x\left (\xi _t>\sqrt {t}(y+\epsilon )+\mathbf {E}_0\left (\xi _1\right ) t,\inf _{r\in [t-N,t]}\xi _r< \sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t+t^{\gamma }\right )\\ &\le \mathbf {P}_x\left (D_t\right ) +\mathbf {P}_x\left (\xi _t>\sqrt {t}(y+\epsilon )+\mathbf {E}_0\left (\xi _1\right ) t,\inf _{r\in [t-N,t]}\xi _r< \sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t+t^{\gamma }, D_t^c \right ).\end {align*}


$t\to \infty $


\begin {align*}&\mathbf {P}_x\left (\xi _t>\sqrt {t}(y+\epsilon )+\mathbf {E}_0\left (\xi _1\right ) t,\inf _{r\in [t-N,t]}\xi _r< \sqrt {t}y+\mathbf {E}_0\left (\xi _1\right ) t+t^{\gamma }, D_t^c \right )\\ \le &\mathbf {Q}_x \left (W_t >\sqrt {t}(y+\epsilon ) -t^{\frac {1}{2}-\kappa }, \inf _{r\in [t-N,t]}W_r<\sqrt {t}y +t^{\gamma }+t^{\frac {1}{2}-\kappa }\right )\\ \le & \mathbf {Q}_0 \left ( \inf _{r\in [0,N]}W_r<-\varepsilon \sqrt {t} +t^{\gamma }+2 t^{\frac {1}{2}-\kappa }\right ) =\mathbf {Q}_0 \left ( \max _{r\in [0,N]}W_r>\varepsilon \sqrt {t} -t^{\gamma }-2 t^{\frac {1}{2}-\kappa }\right ) \to 0,\end {align*}


$(W_t,\mathbf {Q}_x)$


$\sigma ^2$


$x$


$N>0$


$\xi $


$\mathbf {E}_0\left (\xi _1\right )<0$


\begin {align*}&\lim _{t\to \infty } t^{3/2}e^{-\Psi (\lambda _*) t} \mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>y\}}e^{-\int _{t-N}^{t} \varphi (Q_y(\xi _s,t-s))\mathrm {d}s}\right ) =e^{(\alpha -\Psi (\lambda _*))N}\frac {2R^*(x) e^{\lambda _*x}}{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\int _{\R _+}\P _z(M_N>y)e^{-\lambda _* z} \widehat {R}^*(z) \mathrm {d}z.\end {align*}


\begin {align*}&\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>y\}}e^{-\int _{t-N}^{t} \varphi (Q_y(\xi _s,t-s))\mathrm {d}s}\right ) =\mathbf {E}_x\left (1_{\{\tau _0^->t-N\}}\mathbf {E}_{\xi _{t-N}}\left (1_{\{\tau _0^->N,\xi _N>y\}}e^{-\int _{0}^{N} \varphi (Q_y(\xi _s,N-s))\mathrm {d}s}\right )\right ) =:\mathbf {E}_x\left (1_{\{\tau _0^->t-N\}}f_N^y(\xi _{t-N})\right ),\end {align*}


$z\ge 0$


$f_N^y$


\begin {align*}f_N^y(z):=\mathbf {E}_z\left (1_{\{\tau _0^->N,\xi _N>y\}}e^{-\int _{0}^{N} \varphi (Q_y(\xi _s,N-s))\mathrm {d}s}\right ).\end {align*}


\begin {align}\label {expression-f-N-z} f_N^y(z)=e^{\alpha N}Q_y(z,N),\end {align}


$f_N^y(z)$


$z$


$f_N^y$


$f_N^y(z)e^{-\lambda _* z}(1+|z|)$


$z$


$f$


$f_N^y$


\begin {align*}&\lim _{t\to \infty }t^{3/2}e^{-\Psi (\lambda _*)t}\mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>y\}}e^{-\int _{t-N}^{t} \varphi (Q_y(\xi _s,t-s))\mathrm {d}s}\right ) = e^{-\Psi (\lambda _*)N}\frac {2R^*(x) e^{\lambda _*x}}{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\int _{\mathbb {R}_+}f_N^y(z)e^{-\lambda _* z} \widehat {R}^*(z) \mathrm {d}z,\end {align*}


$\mathbf {E}_0[\xi _1]<0$


$N>0$


$y\ge 0$


$t\ge N$


\begin {align}\label {upper-bound-Q_y} Q_y(x,t)\le e^{-\alpha t} \mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>y\}}e^{-\int _{t-N}^{t} \varphi (Q_y(\xi _s,t-s))\mathrm {d}s}\right ).\end {align}


\begin {align}\label {limsup-upper-bd-Q} &\limsup _{t\to \infty }t^{3/2}e^{(\alpha -\Psi (\lambda _*))t}Q_y(x,t) \le \frac {2R^*(x) e^{\lambda _*x}}{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\liminf _{N\to \infty }e^{(\alpha -\Psi (\lambda _*))N}\int _{\R _+}\P _z(M_N>y)e^{-\lambda _* z} \widehat {R}^*(z) \mathrm {d}z.\end {align}


$Q_y(x,t)\le g(t)=\mathbb {P}_0(\widetilde {\zeta }>t)$


\begin {align*}Q_y(x,t)\ge e^{-\alpha t} \mathbf {E}_x\left (1_{\{\tau _0^->t,\xi _t>y\}}e^{-\int _{t-N}^{t} \varphi (Q_y(\xi _s,t-s))\mathrm {d}s}\right )e^{-\int _{0}^{t-N} \varphi (g(t-s))\mathrm {d}s}.\end {align*}


\begin {align}\label {liminf-lower-bd-Q} &\liminf _{t\to \infty }t^{3/2}e^{(\alpha -\Psi (\lambda _*))t}Q_y(x,t) \ge \frac {2R^*(x) e^{\lambda _*x}}{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\limsup _{N\to \infty }e^{(\alpha -\Psi (\lambda _*))N}\int _{\R _+}\P _z(M_N>y)e^{-\lambda _* z} \widehat {R}^*(z) \mathrm {d}z.\end {align}


\begin {align*}&\lim _{t\to \infty }t^{3/2}e^{(\alpha -\Psi (\lambda _*))t}Q_y(x,t) =\frac {2R^*(x) e^{\lambda _*x}}{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\lim _{N\to \infty }e^{(\alpha -\Psi (\lambda _*))N}\int _{\R _+}\P _z(M_N>y)e^{-\lambda _* z} \widehat {R}^*(z) \mathrm {d}z:=\frac {2R^*(x) e^{\lambda _*x}}{\sqrt {2\pi \Psi ''(\lambda _*)^3}} C_y,\end {align*}


$C_y:=\lim _{N\to \infty }e^{(\alpha -\Psi (\lambda _*))N}\int _{\R _+}\P _z(M_N>y)e^{-\lambda _* z} \widehat {R}^*(z)\mathrm {d}z$


$C_y \in (0,\infty )$


\begin {align*}C_y\ge C_{sub} \int _{y}^{\infty } e^{-\lambda _* z}\widehat {R}^*(z) \mathrm {d}z>0.\end {align*}


$f(x)=1_{(y,\infty )}(x)$


\begin {align*}\limsup _{t\to \infty }t^{3/2}e^{(\alpha -\Psi (\lambda _*))t}Q_y(x,t) &\le \lim _{t\to \infty }t^{3/2}e^{-\Psi (\lambda _*)t} \mathbf {P}_x\left (\tau _0^->t,\xi _t>y\right ) =\frac {2R^*(x) e^{\lambda _*x}}{\sqrt {2\pi \Psi ''(\lambda _*)^3}}\int _{y}^{\infty }e^{-\lambda _* z} \widehat {R}^*(z) \mathrm {d}z.\end {align*}


$C_y\le \int _{y}^{\infty }e^{-\lambda _* z} \widehat {R}^*(z) \mathrm {d}z<\infty $


$0<a<b$


\begin {align*}&\lim _{t\to \infty }\P _x\left (M_t\in (a,b]|\zeta >t\right ) =\lim _{t\to \infty }\frac {Q_a(x,t)-Q_b(x,t)}{u(x,t)} =\frac {\lim _{N\to \infty }\int _{0}^{\infty } \mathbb {P}_z(M_N \in (a,b])e^{-\lambda _* z}\widehat {R}^*(z)\mathrm {d}z}{\lim _{N\to \infty }\int _{0}^{\infty }\mathbb {P}_z(M_N\in (0,\infty ) )e^{-\lambda _* z}\widehat {R}^*(z)\mathrm {d}z}.\end {align*}


$(X,\mathbb {P})$


$\mathbb {P}_x(M_t\in \cdot |\zeta >t)$


$\mathbb {P}(X\in \cdot )$


\begin {align*}\P _x\left (M_t>y|\zeta >t\right ) =\frac {Q_y(x,t)}{u(x,t)} \le \frac {e^{-\alpha t}\mathbf {P}_x\left (\tau _0^->t,\xi _t> y\right )}{C_{sub}e^{-\alpha t}\mathbf {P}_x\left (\tau _0^->t\right )} =\frac {1}{C_{sub}}\mathbf {P}_x\left (\xi _t> y|\tau _0^->t\right ).\end {align*}


$M_t$


$\mathbb {P}_x(\cdot |\zeta >t)$


$\xi _t$


$\mathbf {P}_x(\cdot |\tau _0^->t)$


$\alpha =\beta (1-m)$


$0<x<y$


\begin {align*}v(x,y):=\P _x(M>y).\end {align*}


$0<x<y$


\begin {align*}v(x,y)=\mathbf {E}_x\left (1_{\{\tau _y^{+}<\tau _0^{-}\}} e^{-\alpha \tau _y^{+}-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s }\right ),\end {align*}


$\varphi $


$0<x<z<y$


\begin {align*}v(x,y)=\mathbf {E}_x\left (1_{\{\tau _z^{+}<\tau _0^{-}\}} v(\xi _{\tau _z^{+}},y) e^{-\alpha \tau _z^{+}-\int _{0}^{\tau _z^{+}}\varphi (v(\xi _s,y))\mathrm {d}s }\right ).\end {align*}


$0< x<y$


$\tau _y^+$


\begin {align*}v(x,y)=&\int _{0}^{\infty } \beta e^{-\beta s} \mathbf {P}_x(\tau _y^+< \tau _0^-,\tau _y^+\le s)\mathrm {d}s +\int _{0}^{\infty }\beta e^{-\beta s}\mathbf {E}_x\left (\left (1-\sum _{k=0}^{\infty } p_k\left (1-v(\xi _s,y)\right )^k \right ) 1_{\{\tau _y^+\land \tau _0^->s\}}\right ) \mathrm {d}s\\ =&\mathbf {E}_x \left (e^{-\beta \tau _y^+}1_{\{\tau _y^+<\tau _0^-\}}\right ) +\int _{0}^{\infty }\beta e^{-\beta s}\mathbf {E}_x\left ( \left (1-\sum _{k=0}^{\infty }p_k \left (1-v(\xi _s,y)\right )^k\right )1_{\{\tau _y^+\land \tau _0^->s\}}\right )\mathrm {d}s.\end {align*}


\begin {align*}&v(x,y)+\beta \int _{0}^{\infty }\mathbf {E}_x\left (v(\xi _s,y)1_{\{\tau _y^+\land \tau _0^->s\}}\right )\mathrm {d}s =\mathbf {P}_x\left (\tau _y^+<\tau _0^-\right ) +\beta \int _{0}^{\infty }\mathbf {E}_x\left ( \left (1-\sum _{k=0}^{\infty }p_k\left (1-v(\xi _s,y)\right )^k\right )1_{\{\tau _y^+\land \tau _0^->s\}}\right )\mathrm {d}s,\end {align*}


\begin {align*}v(x,y)=\mathbf {P}_x\left (\tau _y^+<\tau _0^-\right ) - \mathbf {E}_x\left ( \int _{0}^{\tau _y^+\land \tau _0^-} \Phi (v(\xi _s,y))\mathrm {d}s\right ),\end {align*}


$\Phi $


$((\xi _t)_{t\ge 0}, ( \mathbf {P}_x)_{x\in \R })$


$\xi $


$0<x<y$


\begin {align}\label {upper-bound-v} v(x,y)\le \frac {e^{x \psi (\alpha )}W_{\psi (\alpha )}^{(0)}(x)}{e^{y \psi (\alpha )}W_{\psi (\alpha )}^{(0)}(y)} \le e^{(x-y)\psi (\alpha )}.\end {align}


$\varphi $


\begin {align*}v(x,y) \le \mathbf {E}_x\left (e^{-\alpha \tau _y^{+} }1_{\{\tau _y^{+}<\tau _0^{-}\}} \right ) =\frac {W^{(\alpha )}(x)}{W^{(\alpha )}(y)},\quad x< y.\end {align*}


\begin {align*}v(x,y)\le \frac {e^{x \psi (\alpha )}W_{\psi (\alpha )}^{(0)}(x)}{e^{y \psi (\alpha )}W_{\psi (\alpha )}^{(0)}(y)} \le e^{(x-y)\psi (\alpha )}.\end {align*}


\begin {align*}v(x,y) &=\mathbf {E}_x\left (1_{\{\tau _y^{+}<\tau _0^{-}\}} e^{-\alpha \tau _y^{+}-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ) =e^{(x-y)\psi (\alpha )}\mathbf {E}_x^{\psi (\alpha )}\left (1_{\{\tau _y^{+}<\tau _0^{-}\}} e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ).\end {align*}


$\gamma \in (0,1)$


$(\xi _t, \mathbf {P}_x^{\psi (\alpha )})$


\begin {align}\label {decomposition-v} v(x,y) &=e^{(x-y)\psi (\alpha )}\mathbf {E}_x^{\psi (\alpha )}\left (1_{\{\tau _{y-y^{\gamma }}^{+}<\tau _0^{-}\}} e^{-\int _{0}^{\tau _{y-y^{\gamma }}^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ) \mathbf {E}_{y-y^{\gamma }}^{\psi (\alpha )}\left (1_{\{\tau _y^{+}<\tau _0^{-}\}} e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ) =:e^{(x-y)\psi (\alpha )}A_1(x,y)A_2(y),\end {align}


\begin {align*}A_1(x,y):=\mathbf {E}_x^{\psi (\alpha )}\left (1_{\{\tau _{y-y^{\gamma }}^{+}<\tau _0^{-}\}} e^{-\int _{0}^{\tau _{y-y^{\gamma }}^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ),\end {align*}


\begin {align*}A_2(y):=\mathbf {E}_{y-y^{\gamma }}^{\psi (\alpha )}\left (1_{\{\tau _y^{+}<\tau _0^{-}\}} e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ).\end {align*}


$A_1(x,y)$


$y\to \infty $


\begin {align}\label {asymptotic-A1} \lim _{y\to \infty }\left (\mathbf {P}_x^{\psi (\alpha )} (\tau _{y-y^{\gamma }}^{+}<\tau _0^{-}) -A_1(x,y) \right )=0.\end {align}


$1-e^{-|x|}\le |x|$


\begin {align}\label {two-side-bound} 0 &\le \mathbf {P}_x^{\psi (\alpha )} (\tau _{y-y^{\gamma }}^{+}<\tau _0^{-}) -A_1(x,y) =\mathbf {E}_x^{\psi (\alpha )}\left (1_{\{\tau _{y-y^{\gamma }}^{+}<\tau _0^{-}\}} \left (1-e^{-\int _{0}^{\tau _{y-y^{\gamma }}^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right )\right )\nonumber \\ &\le \mathbf {E}_x^{\psi (\alpha )}\left (1_{\{\tau _{y-y^{\gamma }}^{+}<\tau _0^{-}\}}\int _{0}^{\tau _{y-y^{\gamma }}^{+}}\varphi (v(\xi _s,y))\mathrm {d}s\right ) \le \mathbf {E}_x^{\psi (\alpha )}\left (\int _{0}^{\tau _{y-y^{\gamma }}^{+}}\varphi (v(\xi _s,y))\mathrm {d}s\right ).\end {align}


$y_*(x):=\inf \{t\ge y-y^{\gamma },t-x\in \mathbb {N}\}$


\begin {align*}&\mathbf {E}_x^{\psi (\alpha )}\left (\int _{0}^{\tau _{y-y^{\gamma }}^{+}}\varphi (v(\xi _s,y))\mathrm {d}s\right ) \le \mathbf {E}_x^{\psi (\alpha )}\left (\int _{0}^{\tau _{y_*(x)}^+}\varphi \left (e^{(\xi _s-y)\psi (\alpha )}\right )\mathrm {d}s\right ) = \sum _{k=0}^{y_*(x)-x-1} \mathbf {E}_x^{\psi (\alpha )} \left (\int _{\tau _{x+k}^+}^{\tau _{x+k+1}^+} \varphi \left (e^{(\xi _s-y)\psi (\alpha )}\right )\mathrm {d}s\right )\\ &\leq \sum _{k=0}^{y_*(x)-x-1} \mathbf {E}_x^{\psi (\alpha )} \left (\tau _{x+k+1}^+- \tau _{x+k}^+ \right )\varphi \left (e^{\psi (\alpha )(x+k+1-y)}\right ) = \mathbf {E}_0^{\psi (\alpha )} \left (\tau _{1}^+\right ) \sum _{k=1}^{y_*(x)} \varphi \left ( e^{-\psi (\alpha )(y-x-1-y_*(x)+k)}\right ).\end {align*}


$y_*(x)$


$y$


\begin {equation*}y-x-1-y_*(x) \geq y-x-1-(y-y^\gamma +1)= y^\gamma -x-2.\end {equation*}


$y$


$y^\gamma -x-2 \geq y^{\gamma /2}$


\begin {align*}& \mathbf {E}_x^{\psi (\alpha )}\left (\int _{0}^{\tau _{y-y^{\gamma }}^{+}}\varphi (v(\xi _s,y))\mathrm {d}s\right ) \leq \mathbf {E}_0^{\psi (\alpha )} \left (\tau _{1}\right ) \sum _{k=1}^{\infty } \varphi \left ( e^{-\psi (\alpha )(y^{\gamma /2}+k)}\right )\\ &\leq \mathbf {E}_0^{\psi (\alpha )} \left (\tau _{1}\right ) \int _0^\infty \varphi \left ( e^{-\psi (\alpha )(y^{\gamma /2}+z)}\right ) \mathrm {d}z = \mathbf {E}_0^{\psi (\alpha )} \left (\tau _{1}\right )\int _{y^{\gamma /2}}^\infty \varphi \left ( e^{-\psi (\alpha )z}\right ) \mathrm {d}z \stackrel {y\to \infty }{\longrightarrow } 0.\end {align*}


\begin {align*}&\lim _{y\to \infty }A_1(x,y) =\lim _{y\to \infty } \mathbf {P}_x^{\psi (\alpha )} (\tau _{y-y^{\gamma }}^{+}<\tau _0^{-}) \\ &=\lim _{y\to \infty } e^{(y-y^{\gamma }-x)\psi (\alpha )} \mathbf {E}_x\left (e^{-\alpha \tau _{y-y^{\gamma }}^+}1_{\{\tau _{y-y^{\gamma }}^+<\tau _0^-\}}\right ) =\lim _{y\to \infty }e^{(y-y^{\gamma }-x)\psi (\alpha )} \frac {W^{(\alpha )}(x)}{W^{(\alpha )}(y-y^{\gamma })}.\end {align*}


\begin {align*}W^{(\alpha )}(y-y^{\gamma }) \sim \frac {e^{\psi (\alpha )(y-y^{\gamma })}}{\Psi '(\psi (\alpha ))}, \quad \text {as}~ y\to \infty .\end {align*}


\begin {align}\label {asymptotic-behavior-A1} &\lim _{y\to \infty }A_1(x,y)=e^{-\psi (\alpha )x}\Psi '(\psi (\alpha ))W^{(\alpha )}(x).\end {align}


$A_2(y)$


$y\to \infty $


\begin {align*}&A_2(y)=\mathbf {E}_{y-y^{\gamma }}^{\psi (\alpha )}\left (1_{\{\tau _y^{+}<\tau _0^{-}\}} e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right )\\ =&\mathbf {E}_{y-y^{\gamma }}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ) -\mathbf {E}_{y-y^{\gamma }}^{\psi (\alpha )}\left (1_{\{\tau _y^{+}\ge \tau _0^{-}\}} e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ).\end {align*}


\begin {align}\label {claim1} \lim _{y\to \infty }\mathbf {E}_{y-y^{\gamma }}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right )=C_*(\alpha ) \in (0,1],\end {align}


\begin {align}\label {claim2} \lim _{y\to \infty }\mathbf {E}_{y-y^{\gamma }}^{\psi (\alpha )}\left (1_{\{\tau _y^{+}\ge \tau _0^{-}\}} e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right )=0.\end {align}


\begin {align}\label {expression-A2} \lim _{y\to \infty }A_2(y)=C_*(\alpha ).\end {align}


\begin {align*}\lim _{y\to \infty } e^{y\psi (\alpha )} v(x,y)=C_*(\alpha )\Psi '(\psi (\alpha )) W^{(\alpha )}(x),\end {align*}


\begin {align*}&\mathbf {E}_{y-y^{\gamma }}^{\psi (\alpha )}\left (1_{\{\tau _y^{+}\ge \tau _0^{-}\}} e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ) \le \mathbf {P}_{y-y^{\gamma }}^{\psi (\alpha )}\left (\tau _y^{+}\ge \tau _0^{-}\right ) =1-\mathbf {P}_{y-y^{\gamma }}^{\psi (\alpha )}\left (\tau _y^{+}<\tau _0^{-}\right )\\ &=1-e^{y^{\gamma }\psi (\alpha )} \mathbf {E}_{y-y^{\gamma }}\left (e^{-\alpha \tau _y^+}1_{\{\tau _y^+<\tau _0^-\}}\right ) =1-e^{y^{\gamma }\psi (\alpha )} \frac {W^{(\alpha )}(y-y^{\gamma })}{W^{(\alpha )}(y)}\end {align*}


$0$


$y \to \infty $


$y>0$


\begin {align*}G(y):=\mathbf {E}_{y-y^{\gamma }}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ).\end {align*}


$z>y$


$\xi $


\begin {align*}G(z) & =\mathbf {E}_{z-z^{\gamma }}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _z^{+}}\varphi (v(\xi _s,z))\mathrm {d}s}\right ) =\mathbf {E}_{0}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _{z^{\gamma }}^{+}}\varphi (v(\xi _s+z-z^{\gamma },z))\mathrm {d}s}\right )\\ &=\mathbf {E}_{0}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _{z^{\gamma }-y^{\gamma }}^{+}}\varphi (v(\xi _s+z-z^{\gamma },z))\mathrm {d}s}\right ) \mathbf {E}_{z^{\gamma }-y^{\gamma }}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _{z^{\gamma }}^{+}}\varphi (v(\xi _s+z-z^{\gamma },z))\mathrm {d}s}\right ),\end {align*}


$\mathbf {E}_{0}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _{y^{\gamma }}^{+}}\varphi (v(\xi _s+z-y^{\gamma },z))\mathrm {d}s}\right )$


\begin {align}\label {upper-bound-G} G(z)\le \mathbf {E}_{0}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _{y^{\gamma }}^{+}}\varphi (v(\xi _s+z-y+y-y^{\gamma },z-y+y))\mathrm {d}s}\right ).\end {align}


$w>0$


\begin {align*}&v(x+w,y+w)=\P _{x+w}\left (\exists ~t>0, u\in N_t~s.t.~\min _{s\le t}X_u(s)>0, X_u(t)>y+w\right )\\ &\ge \P _{x+w}\left (\exists ~t>0, u\in N_t~s.t.~\min _{s\le t}X_u(s)>w, X_u(t)>y+w\right )=v(x,y).\end {align*}


$z>y$


\begin {align*}G(z)\le \mathbf {E}_{0}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _{y^{\gamma }}^{+}}\varphi (v(\xi _s+y-y^{\gamma },y))\mathrm {d}s}\right ) =G(y).\end {align*}


$C_*(\alpha ):=\lim _{y\to \infty }G(y)$


$C_*(\alpha )\le 1$


$C_*(\alpha )>0$


$y$


\begin {align*}G(y) &=\frac {\mathbf {E}_{0}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right )}{\mathbf {E}_{0}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _{y-y^{\gamma }}^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right )} \ge \mathbf {E}_{0}^{\psi (\alpha )}\left ( e^{-\int _{0}^{\tau _y^{+}}\varphi (v(\xi _s,y))\mathrm {d}s}\right ) \ge \exp \left \{ -\sum _{n=1}^{y}\mathbf {E}_{0}^{\psi (\alpha )}\left (\int _{\tau _{n-1}^+}^{\tau _n^+}\varphi (v(\xi _s,y))\mathrm {d}s\right )\right \}.\end {align*}


\begin {align*}\int _{\tau _{n-1}^+}^{\tau _n^+}\varphi (v(\xi _s,y))\mathrm {d}s \le (\tau _n^+-\tau _{n-1}^+)\varphi (v(n,y)) \le (\tau _n^+-\tau _{n-1}^+)\varphi \left (e^{(n-y)\psi (\alpha )}\right ).\end {align*}


$\mathbf {P}_{0}^{\psi (\alpha )}$


$\{\tau _n^+-\tau _{n-1}^+\}$


\begin {align*}G(y)& \ge \exp \left \{ -\sum _{n=1}^{y}\varphi \left (e^{(n-y)\psi (\alpha )}\right )\mathbf {E}_{0}^{\psi (\alpha )}\left ((\tau _n^+-\tau _{n-1}^+)\right )\right \}\\ &=\exp \left \{ -\mathbf {E}_{0}^{\psi (\alpha )}(\tau _1^+)\sum _{n=0}^{y-1}\varphi \left (e^{-n\psi (\alpha )}\right )\right \} \ge \exp \left \{ -\mathbf {E}_{0}^{\psi (\alpha )}(\tau _1^+)\sum _{n=0}^{\infty }\varphi \left (e^{-n\psi (\alpha )}\right )\right \},\end {align*}


\begin {align*}C_*(\alpha ) \ge \exp \left \{ -\mathbf {E}_{0}^{\psi (\alpha )}(\tau _1^+)\sum _{n=0}^{\infty }\varphi \left (e^{-n\psi (\alpha )}\right )\right \}.\end {align*}


\begin {align*}\sum _{n=0}^{\infty }\varphi \left (e^{-n\psi (\alpha )}\right ) \le \varphi (1)+\int _{0}^{\infty }\varphi \left (e^{-z\psi (\alpha )}\right )\mathrm {d} z<\infty ,\end {align*}


$C_*(\alpha )>0$
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be the extinction time of Z. Note that ¢ is equal in law to that of the extinction time of a continuous-time Galton-Watson process with
the same branching mechanism as the branching Lévy process. Let m := }..°  kp, be the mean number of offspring. It is well-known
that Z will become extinct in finite time with probability 1 if and only if m < 1 (subcritical) or m = 1 and p, # 1 (critical). Moreover,
the process Z survives with positive probability when m > 1 (supercritical).

The focus of this paper is on the asymptotic behaviors of a branching killed Lévy process, in which particles are killed upon
entering the negative half-line. The point process Z° = (Z,O),Z(J defined by

0.
Z = Z Lot o, X,(5>0) 6,
ueN,

is called a branching killed Lévy process. For any ¢ > 0, let

M, = sup X, ()
uENinf </ X, (5)>0
be the maximal position of all the particles alive at time ¢ in the process Z°. We define the all-time maximum position and the
extinction time of Z° by
M :=supM,, ¢ :=inf {t>0: Z2((0,0)) = 0}.
20

In the critical case, i.e., when m =1 and p; # 1, the asymptotic behaviors of the tails of the extinction time and the maximal
displacement of Z° were established in [1] under the assumption that the offspring distribution belongs to the domain of attraction
of an a-stable distribution, @ € (1,2], and some moment assumptions on the spatial motion. It was also shown in [1] that the scaling
limit under P \ﬂy(' |¢ > 1) can be represented in terms of a super killed Brownian motion. In the subcritical case, i.e., m € (0, 1), under the
assumption Y7 | k(log k)p, < oo, the asymptotic behaviors of the survival probability and the all time maximal position of branching
killed Brownian motion with drift were established in [2] recently.

The asymptotic behavior of branching Lévy processes have been studied earlier. In the critical case, i.e. m = 1 and p, # 1, Sawyer
and Fleischman [3] investigated the tail behavior of the all time maximal position of branching Brownian motion under the assumption
that the offspring distribution has finite third moment. For a critical branching random walk with spatial motion having finite (4 + ¢)th
moment, the tail behavior of the all time maximum was obtained by Lalley and Shao [4]. Hou et al. [5] studied the asymptotic behavior
of the all time maximum of critical branching Lévy processes with offspring distribution belonging to the domain of attraction of
an a-stable distribution with « € (1,2], under some assumptions on the spatial motion. In the subcritical case, Profeta [6] gave the
asymptotic behavior of the all time maximal position under the assumption that the offspring distribution has finite third moment.
For related results about subcritical branching random walks, we refer the reader to [7].

The purpose of this paper is to extend the results of [2] to subcritical branching killed Lévy processes. This extension is quite
challenging since properties of Brownian motion were used crucially in [2]. Fluctuation theory of Lévy processes will play an important
role in this paper. Another important tool is the conditioned limit theorem in Theorem 3.1 below.

1.2. Main results

Before we state our main results, we introduce some notation and some basic results on Lévy processes. We always assume that the
offspring distribution is subcritical, i.e., m € (0, 1). Let « := (1 — m) and let f be the generating function of the offspring distribution,
ie. f(s)= Yo, pisk, s €[0,1]. Define

Ow) :=p(fA—u)— (1 —u)) =: (a + pw)u, uel0,1], (1.1)

where ¢(u) = w for u € (0, 1] and @(0) = ®'(0+) — @ = 0. According to [2, Lemma 2.71, (-) is increasing on [0, 1] and under the
condition

[Se]
k(log k)p; < o0, 1.2)
k=1
it holds that
[se)
/ @(e™")dt < 00, for any ¢ > 0. (1.3)
0

Moreover, it is well-known (see Theorem 2.4 in [8, p.121]) that

lim Pyl > 1) = Cyp € (0,00) 1.4)
holds if and only if (1.2) holds. For any 7 > 0, define

g0 =Py > 1.

It is well-known that g(¢) satisfies the equation

£ g(t) = ~0(s(0) = ~(a + plg g0,
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thus

e“'g(1) = exp {— /O t fp(g(S))dS}- 1.5)
It follows from (1.4) that

Coup = €Xp {— /0 ) cp(g(s))ds}. (1.6)

Therefore, (1.2) is equivalent to

/O @(g(s))ds < co.

In this paper, we always assume that & = ((£,);50. (P,)xcr) is a Lévy process on R with
00— . 1 ® 0x |
—logE, (€175} = iaf + §n292 + /_m(l — e 4 i0x1 ;) IIx), 0 ER,
where E, stands for the expectation with respect to P, a € R, 7 > 0 and the Lévy measure I satisfies f (1 A x?)II(dx) < +co. For any
z € R, define
thi=inf{r>0:§ >z} and 7] :=inf{r>0:¢ <z}

Define the function
R(x) := x—E, (‘;&) = -E, (5@)’ x>0 1.7)
It follows from [1, Lemma 2.8] that if E,(¢;) = 0 and Eo(flz) € (0, ), then Ex|fr(;| < oo and R(x) satisfies the following:
(1) R(x) > x and R(x) is non-decreasing in x;
(2) there exists a constant ¢ > 0 such that R(x) < ¢(1 + x) and

E, ()
fim RO g 0
X—00 X X—00 pe

3) (R(.fg)l(r-x}) is a P, -martingale for any x > 0.
X 0771/ 520

In the case & is a Brownian motion with drift, it is obvious that
R(x)=x, x>0. 1.8)

We remark that the function R, defined in (1.7) under the conditions Ey(£;) = 0 and EO(Zjlz) € (0, ), is related to the function A
defined in [9, (2.3)]. Let &° be the process & killed upon exiting (0, o0). According to [10, Theorem 4], if ¢ further satisfies the absolute
continuity condition, 0 is regular for (—c0, 0) and Px(r(;’ < o) = 1 for all x < 0, then any non-negative harmonic function of & must be
a linear combination of the harmonic function in [10, Theorem 1] and the invariant function in [10, Theorem 2]. Since any invariant
function is harmonic and the harmonic function in [10, Theorem 1] is not invariant (see the paragraph above [10, Theorem 2]), we
know that, under the conditions mentioned in the previous sentence, all the invariant functions of the process £ are multiples of each
other. Property (3) above says that R is an invariant function of £°, while the second sentence in [9, Lemma 1] says that the function
h defined [9, (2.3)] is also an invariant function of £&°. Thus R and 4 must be multiples of each other. This relation is probably true
under more general conditions, but we will not pursue this here.

In some results, we will assume that & satisfies one or both of the following conditions:

(H1) There exists 5 € (0, 1) such that E, (|£]**?) < co.

(H2) The law of ¢, is non-lattice, i.e., P, (&, € hZ + a) # 1,Vh > 0,a € [0, h).

Remark 1. Condition (H2) will be assumed in the case Ey(¢,) < 0. In this case, we rely on the conditioned limit theorem for random
walks established by [11], which requires the non-lattice condition.

In the case Ey(¢,) < 0, we will perform an Esscher transform on the Lévy process. For this, we assume that

(H3) The Laplace exponent ¥(4) := log Ey(e#!) is finite for all A € (A, A,) with A| € [-0,0] and A, € (0, o). Moreover, there
exists a unique 4, € (0, A,) such that ¥/(4,) = 0.

Note that ¥(4) is finite if and only if f{ e**TI(dx) < oo and that for any A € (A, A,),

[x|>1}

2
W(A) = ad + "3/12+/ (e* = 1= Ax1|5p) ) TI(dx).
R

Note also that ¥ is convex in (A}, A).

Remark 2. If & = ((§),50. (P,)cr) is a spectrally negative Lévy process, then £ has finite Laplace exponent in (0, c0). If £ is a spectrally
negative Lévy process satisfying Eo(él) < 0 and ¥(c0) = o0, then ¥ admits a unique minimum at a 4, > 0 and ¥(4,) <0, ¥/(4,) =0
and ¥ (4,) > 0. So in this case (H3) is automatically satisfied.
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For any ¢ € (A, A,) and x € R, since {e°&~9-¥©" : ¢ > 0} is a P,-martingale, we can define the change of measure
o,

— pC&G—x)=¥(o) 1.9
ap ¢ ’ (1.9)

xF’

where F, :=6{& : s <t},t > 0. According to [12, Theorem 3.9], £&© = ((€D10- (P)xer) is also a Lévy process and its Laplace exponent
¥, (4) is given by W (1) := ¥(4 + ¢) — ¥(c). We will use E to denote expectation with respect to P¥.

Recall that f( Ix|21) e*TI(dx) < oo for any 4 € (A, A,). According to [12, Theorem 3.9], the Lévy measure of £© is given by e**TI(dx).
Combining the two facts above, we get that, if £ has finite p-th moment with p > 1, then for any ¢ € (A, A,), £ also has finite p-th
moment and so £© satisfies (H1). It is also easy to see that £ is non-lattice if and only if & is non-lattice. We note that, by [12,
Theorem 3.9], (i) if £ is a spectrally negative Lévy process with Laplace exponent P, then £ is a spectrally negative Lévy process
with Laplace exponent W (1) given by ¥.(4) :=¥(4 + ¢) — ¥(c); and (ii) if £ is a Brownian motion with drift, £© is also a Brownian
motion with drift.

When E, (51) < 0 and (H3) holds, we take ¢ = 4, and define the change of measure
dap’

X

N (e (CTY 1.10
S e (1.10)

Fy

X
Then £+) is a Lévy process and its Laplace exponent is given by Y, (D) =Y+ 4,) - ¥(4,). Itis easy to see that ‘P;* O+)=¥'(1,)=0.
Let Ei* be the expectation with respect to Pi*. If ¢ satisfies (H1), then since Eg* &)= ‘I’; (0+) =0, by [1, Lemma 2.8], we have
Ei*lffal < 0. Define

R*(x) = x - EX (L;g), x>0 (1.11)
Define the dual process of & by:
Es L= _‘J:s’ 520.
For any z € R, we define 7, :=inf{s >0 : Es <z} and
~ PN
R*(x) :=x-E (z;%), x> 0. (1.12)
Denote R, = [0, ). Let 62 := Eo(gf). Our first main result is on the large-time asymptotic behavior of the survival probability.

Theorem 1.1. Assume (1.2) holds and & is a Lévy process satisfying (H1). Let x > 0.

(1) IfEy(&;) =0, then
2C,,, R(x)

V2ro?

where C,, is defined in (1.6) and R(x) in (1.7).
(2) IfEy(&)) > 0, then

lim V1e"P (¢ > 1) =
=00

lim P, (¢ > 1) = g,Cypps
t—o0 ;

where g, :=P, (7 = o) > 0.
(3) IfEy(&)) <0 and ¢ satisfies (H2) and (H3), then

A
lim £3/2e@" Y0P (¢ > 1) = 2CyR*(x)e x’
=0 27V (4,

where Cy 1= limy_q, €@ YEIN [ P_(¢ > N)e™hR*(2)dz € (0, 00), R* is defined in (1.11) and R* in (1.12).

Remark 3. [2, Theorem 1.1] investigates the asymptotic behavior of the survival probability of a branching killed Brownian motion
with drift —p. The first two statements of [2, Theorem 1.1] are as follows.

(1) if p = 0, then lim,_,, \/7e®P (¢ > 1) = \/gcw,,x.
(2) If p < 0, then lim,_,, e®P,({ > 1) = (1 — &),
Combining Theorem 1.1 (1) and (2) with (1.8), we immediately recover the first two conclusions of [2, Theorem 1.1]. Furthermore,

when ¢ is a standard Brownian motion with drift —p, we have W(1) = —pA + %/12 and A, = p. When p > 0, a straightforward calculation
yields that

. 2 2Cyxer~
lim PR TP (¢ > = 20—
V2

This result is consistent with [2, Theorem 1.1, (iii)], where Cy(p) = C,.
Our second main result is on the asymptotic behavior of the tail probability of M,.

4
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Theorem 1.2. Assume (1.2) holds and ¢ is a Lévy process satisfying (H1). Let x > 0.
(1) IfEy(&)) =0, then for any y > 0, we have

2C,,,R(x) -2
lim \/;e‘”PX(M, > \/Ey) = 2w R -5

V2rzo?

(2) IfEy(&;) > 0, then for any y € R, we have
. 0Coup [T -2
tllrgeatﬂj’x(Mx > \/;y+E0(§1)t) = X—Zm , €0 dz.
' T o
(3) IfEy(&)) <0 and ¢ satisfies (H2) and (H3), then for any y > 0, we have
* Agx
lim */2e(«= Y0P (M, > y) = 2GR (e
1=00 * \22¥" (4,3
where Cy(y) :=limy_ o, Y0 [ P (My > V)e~H= R (z)dz € (0, 00).
Note that P,(My > 0) = P,({ > N) for z > 0, thus C;, in Theorem 1.1 and C;(0) in Theorem 1.2 are the same. Combining the result
above with (1.8) and (1.13), we immediately recover [2, Theorem 1.3] as a corollary.
Combining Theorems 1.1 and 1.2, we immediately get the following Yaglom-type conditional limit theorem.

Corollary 1.1. Assume (1.2) holds and & is a Lévy process satisfying (H1). Let x > 0.
(1) IfEy(&;) = 0, then we have
M, d
IPX<7 € ~|g > r) = R()
t

where R is the Rayleigh distribution with density p(z) = ze=="/21 (250}
(2) IfEy(&;) > 0, then we have

b M, —Ey(&)t
: Vi
where N (0, 62) is the normal distribution with mean 0 and variance o2.
(3 IfE, (51) < 0 and ¢ satisfies (H2) and (H3), then there exists a random variable (X, P) whose law is independent of x such that

€ .‘g > r> N N(©,0?),

d
[P’X<M, efe> r) = PXe).
In the following theorem we assume that ¢ is a spectrally negative Lévy process with Laplace exponent . For g > 0, let

w(g) :=sup{A>0:¥1) =g}

be the right inverse of ¥. By Kyprianou [12, Theorem 8.1], for any ¢ > 0, there exists a scale function W@ : R — [0, o) such that
W®@(x) = 0 for x < 0 and W is a strictly increasing and continuous function on [0, o) with Laplace transform

® @ 1
e WV (x)dx = ——,
/0 ¥(r)—gq

In the case when ¢ is a standard Brownian motion with drift —b, by using tables of Laplace transforms, one can easily get that

for r > w(q).

bx
W@ (x) = —2"_ sinh(VB2 +2qx), x30, g3 0. (1.13)
Vb2 +2q

Our third main result is on the asymptotic behavior of the all-time maximum M of branching killed spectrally negative Lévy process.

Theorem 1.3. Assume that (1.2) holds and that ¢ is a spectrally negative Lévy process. There exists a constant C,(a) € (0, 1] such that for
any x > 0,

lim e YP (M > y) = Co(a)W P (x0)¥ (w (@),
y—o0

where W@ is the scale function of ((£,),50, (P,)xer)-

Remark 4. The reason we consider spectrally negative Lévy processes here, rather than general Lévy processes, is that the proof
of Theorem 1.3 is closely related to the two-sided exit problem. For general Lévy processes, there are no tractable expressions for
quantities of interest related to the two-sided exit problem. Combining the result above with (1.13), we immediately recover [2,
Theorem 1.2] as a corollary. Profeta [6, Theorem 1.1] proved the following asymptotic behavior of the all-time maximum M for
spectrally negative branching Lévy processes without killing

[P’(M >x)~ ke V@X asx - oo, (1.14)

under the third-moment condition on the offspring distribution {p, },-, where « is a positive constant. Comparing Theorem 1.3 with
(1.14), we observe that the killing barrier does not affect the exponential decay rate of the tail probability of the all-time maximum,
it only affects the limits after the same exponential scaling.



Y.-X. Ren et al. Stochastic Processes and their Applications 195 (2026) 104867

1.3. Proof strategies and organization of the paper

The rest of the paper is organized as follows. In Section 2, we give some results on Lévy processes which will be used in the proofs
of our main results. We establish the conditioned limit theorem for Lévy processes in Section 3. The proofs of Theorems 1.1 and 1.2
are given in Section 4, and the proof of Theorem 1.3 is given in Section 5.

Now we sketch the main idea of the proof of Theorem 1.1. The main idea for the proof of Theorem 1.2 is similar, and Corollary 1.1
follows from Theorems 1.1 and 1.2. For any x,¢ > 0, let

uCx, 1) =P > 1).

In Lemma 4.2, we derive a representation for u(x, ). Lemma 4.3 then establishes a lower bound for u(x, r), while Lemmas 4.4 and 4.5
provide upper bounds for u(x, r) in the cases Ey(¢;) = 0 and Ey () > 0, respectively. Theorem 1.1 (1) and (2) follow immediately from
the above lemmas. In the case Ey(&;) < 0, a quasi-stationary distribution exists, and the proof technique differs from those used in the
previous two cases. The analysis of its asymptotic behavior relies on Theorem 3.1, which establishes a conditioned limit theorem for
Lévy processes.

In this paper, we use ¢(-) to denote the standard normal density, i.e., ¢(r) = ﬁe"z/ 2, use p(-) to denote the Rayleigh density,

ie., p(x)= xe—x2/21(x>0), and use R(x) to denote the Rayleigh distribution function, i.e., R(x) = (1 - e‘xz/z)l(xzo). For v > 0, we
define ¢,(x) = \/%e’xz/(z”) and p,(x) = (x/v)e ™ /@1, o . We use F(x) ~ G(x) as x — oo to denote lim,_, F(x)/G(x) = 1. In this
v

paper, capital letters C; and T}, i = 1,2, ..., are used to denote constants in the statements of results and their value remain the same
throughout the paper. Lower case letters ¢;, i = 1,2, ..., are used for constants used in the proofs and their labeling starts anew in each
proof. ¢;(¢) and C;(e) mean that the constants ¢; and C; depend on e.

2. Preliminaries

In this section, we first present some preliminary results for spectrally negative Lévy processes, followed by a result for general
Lévy processes. Assume for now that ¢ is a spectrally negative Lévy process with Laplace exponent ¥. Then for any x > 0,

Eg(+ = x|t} <o) =1.
Moreover, it is well known, see [12, Section 8], that for any x > 0 and g > 0,
Eo(e_’”; 1{T;<m)) = V@,
where y is the right inverse of . The following result on exit probabilities is contained in [12, Theorem 8.1].

Theorem 2.1. Assume that ¢ is a spectrally negative Lévy process with Laplace exponent ¥. For any 0 < x < y and q > 0,

gt W@ (x)
Ex(e qry 1(1(;>r;']) = W(’l)(y_)’

where W@ is the scale function of &.

The following result, which can be found in [12, Lemma 8.4] and [13, Proposition 1], gives the relationship between VVC(") for
different values of g, ¢, and the asymptotic behavior of W@ (x) as x — co.

Lemma 2.1. Assume that ¢ is a spectrally negative Lévy process with Laplace exponent . For any x > 0, the function q — W9 (x) may be
analytically extended to q € C. Furthermore, for any q € C and ¢ € R with ¥(c) < oo, we have

@ (y) — (@-¥(©)
WP (x) = e WA V(x), x>0,

where W91 s the scale function of £©). Furthermore,

eV (@)X
Y (w(q)’

The following lemma is an important tool for proving Theorem 1.3.

WD (x) ~ — 0. 2.1)

Lemma 2.2. Assume that & is a spectrally negative Lévy process with Laplace exponent Y. For any a > 0, 0 < x < y and nonnegative Borel
function h, we have

+ +
—art— [ h(&,)ds - [ he)d
Ex(l(r;«(;]e “h §)A> = eV y)EZc/(a)(l(r;'ao_)e Jo & S>.
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Proof. By Theorem 6 on pl6 of [14], {r;r <7in {r;r <t} = {r;r At<Tiin {r;f At <t} is FT;A,-measurable. For a > 0, since

—art

e Ty I(T;:x,] =0, using (1.9) with ¢ = w(a), we have
Y T
Ex<1u;<ro e h h(f’)ds> = lim Ex<1<f;<f0,r;<x>6‘“y h ”@d“) 22)
T
= ’1_132} Er(ﬂ) <ew(a)(§,x)+me—ary =Jo” hEods g {T;<TO‘T;<”>

JEV@ ( eV @&G—x)+at
X

"
>0 0Ty <!

n
o+ [y .
= lim Eg(a)<e =y h(‘ff)dAl(T;«_

Frjm))‘

Note that (e V(@&=x)+ahy o is a PY“ is a martingale with respect to F,. Using the optional stopping theorem and the absence of
positive jumps, we get that, on {ﬂ:y+ <t},
W@ E b A

Ev@ (e—w(a)(/;, —X)+at e—ll/(a)(y—x)+ar;,' )
X

F‘r;'/\t> =e

Combining this with (2.2) and using the fact that Pf(“)(r;r < ) =1, we get

1'+ ‘t+
—art—[ 7 nEHds \ _ - — [ Y h(Egds
Ex<1(r;<70}e y /0 = V(@ y)EZ(a) l(r;'<176)e /0 s .

This gives the desired result. O

The following lemma gives the joint asymptotic behavior of the tail of 7;” and the Lévy process £ when E, (¢/) > 0, and this result
holds for general Lévy processes.

Lemma 2.3. Assume that & is a Lévy process such that Ey(&;) > 0 and 6% := Eo(flz) < oo, then for any x > 0,
lim Py (ry > 1) = P(r; = 00) = g, > 0. (2.3)
Moreover, for any y € R, we have
[se]
lim Px(ro_ > 1,6 —Eo(&)t > \/Ey) =P (5, = oo)/y P(z)dz.
Proof. Note that (2.3) follows immediately from [15, Proposition 17, p172]. Fix ¢ > 0, for m € (0, t), by the Markov property,

P (75 > 1.6 —Eo(&1)r > Viy) <P(5 > mé —Eo(&1) > Viv) = Eo(1imomPe, (&on — Eo(&)1> Viv) ).

By the central limit theorem, for any z, as t — o, we get

P, (‘St—m - Eo(fl)t > \/;Y) d / ¢ ,2 (w)du. (2.4)
y
Letting t — oo first, then m — oo, we get that
lim supr(To_ >t1,6 — Eo(él)t > \/;y) <P, (1—0‘ = oo) / ¢,2(2)dz. (2.5)
11— y

On the other hand, we have

PX<T(; > m, & —By(&)t > \/?y) gpx(r(; > 1,6 —Eo(&)r > \ﬁy) +P,(r5 € (m,11).

It follows from (2.4) that

lim lim PX<T()_ >m, & _EO(él)t > \/;.V) = ’ii_l;rgotl_i}rgEx(l(Ta>m)P§m (‘};tfm _Eo(él)t > \/;y))

m—00 1—00

= lim PX(TO_ > m) /°° b2 (w)du =Px(r0_ = oo) /°° b2 (W)du,
y y

m—oo

this combined with

lim lim P, (7
m—oo =00 X( 0

€ (m,1]) = lim P, (r; € (m, )) =0
yields that

limianX(ro_ > 1,6 —Ey(&)t > \/Zy) >P, (75 =) /w b2 (2)dz.

y
Combining this with (2.5), we get the desired result. O
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3. Conditioned limit theorems for Lévy processes

The purpose of this section is to prove Theorem 3.1, a conditioned limit theorem for Lévy processes. Theorem 3.1 will play an
important role in this paper. We make some preparations first. The following result follows from [1, Lemmas 2.12 and 4.1].

Lemma 3.1. Assume that & is a Lévy process satisfying Ey(£)) = 0 and (H1). Then for any x > 0 and a € (0, ], it holds that

. _ 2R(x)
1 P < T, >t)= d
fim ViP( < aviogy > 1) = 2= [ o

where ¢2 := EO(.SIZ) and p(z) denotes the Rayleigh density. Furthermore, for any x > 0 and any bounded continuous function h on (0, o), it
holds that

2R(x) [
llm \/—E (1) | = p(z)h(z)dz.
< < o\t > 0> }) V2zs2 JO

Recall that § is the constant in (H1) and ¢% = [Eo(élz). The following result is [1, Lemma 2.11].

Lemma 3.2. Assume that & is a Lévy process satisfying Eq(£,) = 0 and (H1). Then there exists a Brownian motion W with diffusion coefficient

o2 starting from the origin such that for any « € (0, 3 (2‘1 5)), there exists a constant Cs(x) > 1 such that for all t > 1,
Ci(x
PX( sup &, —x — W] >t§_K> < #
s€l0,1] A3=RE+2)-1

The following lemma is a conditional limit theorem for Lévy processes. Its proof is similar to that of [1, Lemma 4.1], but it provides
a more precise bound. See [11, Theorem 2.7] for an analogous result for random walks.

Lemma 3.3. Assume that ¢ is a Lévy process satisfying Ej(¢;) = 0, E, (.512) = ¢2 and (H1). Then one can find a constant €y € (0, yrom 5)) with
the property that for any € € (0, ) there exist positive constants T,(e) and C,(¢) such that for any x,y > 0 and t > Ty(¢),
2R C 1+
<y >t (x) R(y)| < 4(&)(1 + x)
O'\/— ot 11/2+E
Proof. Let W be the Brownian motion in Lemma 3.2. For any r > 0 and € € (0,5/(4(5 + 25))), define
. 1 _2e
A, = sup |'§Sr_§0_WYr|>r2 .
s€[0,1]
Let (S,),»0 be the random walk defined by S, :=¢,, n € N. For any b € R, define
o i=inf{j €N, |S;| > b}.
By the Markov property, we have the following decomposition:
¢ 4
PX<—t < y,‘ro_ > t) = ZI’C’
o‘\/; k=1
where
. é:t — S+ 1-¢
I, ;=P — <7 >trl/2€>[t 11,
o\/i
g Es
L = Z EX(P5k<’_ <yt >t—k,A,_k> i1y >k, fl/z . :k),
k=1 oyt
g ¢
Iy := EX(P5k<’;k <y >t—k,Af_k>;TO— > kg > 172 T = k),
k=1 6\/;
g £y
L=y EX(P§k< K <y, t—k,Af_k>;r0 > kg <17 = k).
k=1 6\/;
We now deal with I;, i = 1,2, 3, 4, separately.
(i) Upper bound of I,. Set K := [t — 1] and / := [¢!~2¢]. Since K! < [t'~¢], we have
S+ 1-¢ 1/2—-¢ 1/2—€
< < < < < . .
I, <P, ( S o>l ]) _Po<lgg>;<l|x+sl| <1 ) _P0<115as)§(|x+S,j| <1 ) x>0 (3.1)

8
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By the Markov property, we have

K
According to the display below [1, (4.6)], there exist positive constants ¢; € (0,1) and #,(¢) such that for ¢ > #,(¢),

Py(lx+ 58| < tl/z_e) <c¢ xeR,.
Plugging this into (3.2), taking ¢, = —In¢;, and combining with (3.1), we get that for 7 > 7, (¢),

K _ —clr€—1] ]
I <cf =e < —11/2+€/8. (3.3)

(ii) Upper bound of I,. By part (ii) of the proof of [1, Lemma 4.1], for any ¢ € (0,5/(4(5 + 26))), we have

C;(2 C;(2
< 3(2e)x < 3( e)x’ 3.4)
£1/2+8/2—(5+26)e t%+€/8

where C;(2¢) is the constant in Lemma 3.2.
(iii) Upper bound of I5. Repeating the argument in part (iii) of the proof of [1, Lemma 4.1] leading to [1, (4.8)] and using [16,
Lemma 7.7], we can find ¢; > 0 with the property that for any ¢ € (0, ¢; A §/(4(5 + 26))) there exists a positive constant c;(e) such that

'
1 L S= (-e)/2 S+ _ c3(e)(1 +x) c3(e)(1 +x)
s I; E(Ser™ > koS, > 179205 =k) < AP S Ty (3.5)

(iv) Upper bound of I,. For k < [t!=¢] and x’ > 0, define

& _ .
K(k,x") ;:Px,<’TZ <yt >t-k A )
(o3
Set
1
L X Ha-k™ Lo 2

=———————— and )y :=

o ik ot—k2e

It follows from [1, (4.13)] that

K(k,x") < =+ / (z)e Vi-* dz. (3.6)
* \/2ﬂ(t—k)<°' c ) o 1

We claim that there exist positive constants #,(¢), c4(¢) such that for ¢ > #,(¢) and p > 2 sufficiently large,

Kk, x') < —2 (1 0) )(R(y)+ c;_(e)><x’ +z%—26). 3.7)

o2t te/2—eP /2

To prove this claim, note that for any k < [r'~¢] and x’ < (19)/2, there exist positive constants t3(¢), ¢s(e) and cg(e) such that for
t > t5(¢), the following holds:

1
x* (1-0)/2 4 4372
< cs(e)

f—k Vi

For y € [0,7¢"] with p > 2 being a positive constant, and z < y*, there exist positive constants t4(e) and ¢;(¢) such that for 1 > 14(¢),

i 2

z< F—= <o,
ik olt—k?* 7€)

and thus there exists a positive constant cg(¢) such that for 7 > 73(e) V t4(¢),

< cﬁ(e)t_e/z.

kol —e/2,eP cg(€
VT g et P gy SOy
te/2—eP

This implies that when y € [0,1¢"], for t > t3(e) V 14(¢), it holds that

” o ”
/ p(z)eVi-kdz < <1 + :fz(—ee)ﬂ ) / p(z)dz.
0 t 0

Moreover, by the definition of y*, there exist positive constants 75(¢) and cy(¢) such that for r > t5(e),

* 69(5)
y —y< ey
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Thus using the fact that p(z) < 1 for all z > 0, we get that for any e € (0,¢; A §/(4(5 +26))) and 7 > max{t;(¢) : 3 <i <5},

/O p(2)e Vit dz < (1 + tcfz(_e)p ) (RG) +y" —y) < <1 + /82( 3,, > <R(y) + cf(/z)) (3.8)

For y > 1<, using [16, (7.31)] we get that there exist positive constants te(¢) and ¢y (e) such that for # > #4(e),

y* zx* ci0(€) y ero (e’ ciol€) cyo(e)
/0 p(z)eVikdz < <1 + tel/(;—e" )/0 p(2)dz + ¢jg(e)e™ 10 < (1 + tel/(;—el’ > <R( )+ _1‘; > (3.9)

Combining (3.6), (3.8) and (3.9), we get that there exists a positive constant ¢, (¢) such that for any y > 0 and 7 > max{t;(¢) : 3 <i <6},
we have

' 2x* cy1(€) cyy(€)
K(k,x') < gﬂ(,_k)<l+t€/2-€"><R(y)+ e ) (3.10)

Since k < [t!7¢], there exists a constant #;(¢) > 0 such that when ¢ > #;(e),

L . L(1 + —C”g(e)),
Vi-k Vi !

and

x < _(1 + C13(€)>( +ﬁ_zc>’ (3.11)

Vit— G\[

for some positive constants c;,(¢) and c3(¢). Taking t,(¢) := max{r,(¢) : 3 <i < 7}, then the claim (3.7) follows from (3.10) and (3.11).
Note that on {rfg_f =k}, we have & =5, >1'/2¢. Thus, 1'/2°2 <r<¢ on (r f/;' . =k}. Also note that, by using that

(R(gs)l (7>5) )s>o is a P,-martingale for any x > 0 and the optional stopping theorem,

R(x):Ex( (€54 )ity >TSI/2€> x>0, 1>0. (3.12)

1/2-¢

Hence, by (3.7), for t > t,(e),

]4 < L(l + 04_(6)>
o\/2nt re/2=er

< 2(1 +17) <1 + cy(e)

1117
cye 1
R(y)+ 4( )> z Ex(ék"‘tz ZG;TO_ > k’ék Sl(l_e)/z f/;é =k)

¢ (6) [,]—e .
(o 82 T k20 .

N——r” | N 7 N

oAt te/2—e” ]
<2(1+t‘€) 1 cy(e) R c4(€) E s S S 1-¢
<=1+ ) (RO 27 JB &y i > i <1
2(1+179) cy(e) cy(€) - S+
< o/ 2nt <l+le/2_ep R+ 1¢/2 Fx gfﬁﬁ—c’% 7 Te
—€
_ 2R +1 )<1+ c4(e) ><R(y)+c4(€)),
ot 1e/2—eP 1€/2

where in the last equality we used (3.12). Thus, there exist positive constants #g4(¢), ¢;4(¢) and c;5(¢) such that for t > tg(e),

c14(€) c14
I < 2R(X)<l + e/2=cP )(R( )+ ez ) < 2R(x)R(y) N c15(e)(1 +x)’ (3.13)

27t T o\t z%*’e/s
where in the last inequality we use the fact that R(x) < ¢(1 + x) for some constant ¢ > 0.
(v) Lower bound of I,. Repeating the proof of [16, (7.40)], we get that there exist positive constants #(¢), ¢;¢(¢) and c¢;;(¢) such
that for ¢ > 19(e),

2R(x) crg€) cre(e)(1 +x) 2R(X)R(y) cp7(e)(1 +x)
1y > — <l iy >< » - IT‘>  o/e(ers]D) > a\/ﬁ - l%+e/8 . (3.14)

Set ¢y :=min{5/(4(5 +28)).¢,}, € :=¢/8, ¢y :=€y/8 and Ty(e) := max{t;(¢) : i = 1,2,8,9}. Using the fact that there exists ¢;g > 0 such
that R(x) < ¢3(1 + x), and combining (3.3), (3.4), (3.5), (3.13) and (3.14), we arrive at the conclusion of the lemma. [

The duality relations in the following lemma, especially (3.15), are well known in probabilistic potential theory. We give an
elementary proof here for the reader’s convenience.

Lemma 3.4. For any t > 0 and any bounded Borel functions g,h : R — R, we have
[ 0 (et o = [ s, (1 Ja (3.15)
R, 0 R, 0

10
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and
[ (6601 5 o = [ £, (11 ) (3.16)

Proof. For x > 0, by the change of variables x + ¢, = y, we get

/R HOOE, (801 Jdx = /R + HEOE(80x + 1oz 5 )dx = /R

= / h(X)E<g(x +&), irg &y > —X>dx = / g(y)E<h(y =&, inf (g — &) > —y> dy
R s< R s<t

+ +

h(x)E (g(x +&), i;g &> —x)dx

+

=/ g(y)E<h(y+ &) inga > —y>dy = / g(y)Ey(h(Er)h%m)dy,
s< R,

+

which completes the proof of (3.15). Using the same argument, we can also get
/ h(x)E,(g())dx = / h()E(g(x + &,))dx = / gWE(R(y —¢))dy = / gE(h(y + &))dy = / g(y)Ey(h(a))dy- (3.17)
R R R R R

Note that for x < 0, P(r; > 1) = PX(% > 1) = 0. Therefore, (3.15) is equivalent to

[ 1B (501 ) )5 = [ 2O, (11
Combining this with (3.17), we get (3.16). O

Before stating Theorem 3.1, we first introduce some necessary notation and definitions. Let h;,h, : R —» R, be Borel functions
and £ > 0. We say that h; e-dominates h, and write h, <, h; if
hy(u) < hj(u+v), VueR, Vove]l-¢el

For any a > 0 and Borel function # : R — R, we define I, , = [ka, (k + 1)a] for k € Z and
h@) =D 1y @) sup f@), h@:=Y 1, @ inf f@), ueR.
kez ’ wel, kez ’ Wel,

The function 4 is called directly Riemann integrable if [, h,(u)du < co for any a > 0 small enough and

lim / (RaQu) - h,(w)du =0.
a—0 g

Define
hoe@) := sup h,(v), h,_(:=

h,_ = in
[u—e ute] g vE[u—¢,u+e)

then it holds that

hy S h,<h<h,< h,, onR.

h(v), u€eR, (3.18)

For more details about directly Riemann integrability, see [17, Section XI.1].
The following theorem will play an important role in this paper. We refer the reader to [11, Theorem 1.9] for an analogous result
for random walks.

Theorem 3.1. Assume that & is a Lévy process satisfying (H1), (H2), (H3) and Eo(él) <0. Let f : R —» R, be a Borel function, which is
not 0 almost everywhere on R, such that f (x)e~**(1 + |x|) is directly Riemann integrable. Then for any x > 0, it holds that

* AuX
lim /2 YANE, (f(&),75 > 1) = 2R x)e™"
e V2RV Ly e,

where ¥ is the Laplace exponent of &.

f(2)e ™7 R (2)dz,

Remark 5. Recall that when E (&) < 0 and (H3) holds, &) is a Lévy process with Laplace exponent ¥, (1) = (A + 4,) — ¥(4,)
and that lI”A*(0+) =¥(4,) = 0. Using (1.10), we get that

E, (f(&), 7y > 1) = XOIHAIED (f(g)e 4 15 > 1). (3.19)
Therefore, to get the assertion of Theorem 3.1, we only need to consider the asymptotic behavior of

EC (f(&)e 4,15 > 1), ast— co.
Theorem 3.2. Assume that & is a Lévy process satisfying (H1), (H2), (H3) and Eo(fl) <0. Let h : R — R, be a Borel function, which is
not 0 almost everywhere on R, such that h(x)(1 + |x|) is directly Riemann integrable. Then for any x > 0, it holds that

. 2R*(x) ~
lim 2B (hE)1, - ) = =2 h@R )z
=0 * ( v gy >1) L2z (2, I,

where ¥ is the Laplace exponent of &.

11
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Remark 6. The difference between the asymptotic behavior in Theorem 3.2 (with r~3/2 decay) and that in Lemma 3.1 (with #~1/2
decay) arises from the fact that Theorem 3.2 is a conditioned limit theorem for the process (&) 1o itself, whereas Lemma 3.1 is a

conditioned limit result for the normalized process < S > .
4 >0

Proof of Theorem 3.1 Taking h(x) = f(x)e~** in Theorem 3.2 and using (3.19), we immediately get the conclusion of Theo-
rem 3.1. O
In the next four lemmas, we provide some upper and lower bounds for Ei* h(f,)l(TP,, ) In the remainder of this section, ¢, will

be the constant in Lemma 3.3. Recall that p(-) stands for the Rayleigh density.

Lemma 3.5. Assume that ¢ is a Lévy process satisfying (H1), (H2), (H3) and Eo(él) < 0. Then one can find a constant Cs > 0 with the
property that for any € € (0, €,) there exist positive constants T, (¢) and Cy(¢) such that for any x > 0, t > T|(¢) and any integrable functions
h,H : R - R, satisfying h <, H,
2(1 + Cse)R* 2C R*

(14 Cse)R*(x) H(w)p w dw 5://; (x) Hw)p w dw

Voreroye Jr, VA ot e V(A

1 1
+ Coe)(1 + )| H1f m)u,( — +t1+—6/2>,

EL (hE) o ) <

where ¥ is the Laplace exponent of &.

Proof. Fix € € (0,,) and let 2, H : R — R, be integrable functions satisfying 42 <, H. Fix ¢t > 1 and set m = [et]. By the Markov
property,

A _ A s -

B (h(f,)l(TO-N}) = /R+Ey (h(gm)1(76>m})1)x (& € dyizg > 1—m). (3.20)
Define a random walk ()50 by S, :=¢&,, n € N. Since hl(y o) <, H1|_, ), it follows from [11, Theorem 2.7] that there exist constants
¢, (independent of ¢) and ¢,(¢) such that for any n > 1,

1 1+ e Z—x ¢y ()
« < )
E} (h(Sn)l(SnZO]) _— [ H@ 8 - dz < oS IHI ol (3.21)

Thus, for any y > 0,

A, l+c|£ y ¢, (€)
By (@ om ) By (A(Si1is,20, ) < o / H) 5, ( m)dum(m)/anl[_g,m)nl.

Plugging this into (3.20) yields that

14+ce z—y . B
EX (heE)1,,- _/ ! Lo od| ——2— )dz |PX (&, €dy,om >1— (3.22)
(eten) ( Triim Ju e g, )P e € e > 1)
HI
+/ cy(8)ll eoo)”l (§r LednTs > - m)
R+

m(1+5)/2

=A%) + Ay(x).
By the definition of 7, we have

Ay [ — A - A - 1+x
Py (5 > 5) =P, <}2§5, > 0) <P <j1£n[£] S; > 0> <c v (3.23)

N

for some positive constant ¢; (independent of €), where in the last inequality we used [18, (2.7)]. Therefore, by (3.23) and the
definition of m, there exists a positive constant ¢,(¢) such that

Cz(f)HHl[_g,oo)”]
m(1+6)/2

cy(e)(1 +x)

A —
Px*(r >t—m)§ 11572

Ay(x) = 0

1 H Lol (3.24)

Now, by a change of variables, we get

YOG =
A (x) :/ e H@) sy d 2= VYA — mu dz pi* T eduy >t-m
Ry \ V¥’ (2)m IR N V' (A)m V(AN —m)

=/ (P,(M)Pi*<§t;m € du,ro_ >t—m>,
Ry V(4,0 = m)

where the function ¢, is defined by

1 l4ce z—A/P"(A)({t — mu
o) 1= H) s | ——— )dz
VP (A)m - VP (A)m

12
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=(1 +c18)4/ I—Tm /R HW®" ()1 — m)W)l(\/WuD_E)d)((w —u)/ t_Tm>dw.

Using integration by parts, we get that for any x € R,

Al(x)g/ (p;(u)Pi*<§’;’”>u T > 1 >du. (3.25)
R, VP (A, = m)

It follows from Lemma 3.3 that for t — m > T(e),

Pi* —Gm >uty >t—m |- R [7 p(z)dz| <
BT (A — m) 27(t — m)W'"(4,)

which together with (3.25) implies that there exists a constant c¢s(¢) such that for 1 — m > T (¢),

* w2
A - —K ¢;(u)e-7du< s@d+o / |p! )] d. (3.26)

22— mP (1) R, )it
¢’<(w—u>\/—"’">
m

Cu(e)(1 +x)

s

1
(l _ m)§+s

By the definition of ¢, and a change of variables, we get that

’ t—m 1"
/R+ lo;(w]du < (1 +Cl£)/ﬂ+/[m TH(\/‘I’ (A =mu) G mws—e)
= +Cl£)</R ‘/RH(\/‘P”(ﬂ*)mu)l(muz_g)|¢’(u—y)|dudy

=(1 +cle)/[RH(\/‘I’”(/l*)mu)l(\/muz_f}du/[R+ |¢' (u — y)ldy.

dwdu

Since there exists a constant ¢, > 0 such that f& |¢'(u — y)|dy < ¢, a change of variables yields that

” 1[ £,00) ”1
lo; W)l du < ¢6(1 + ¢18) ——. (3.27)
Ry

V(A )m

Using integration by parts, we get

y2
/ AR /R @, (»p(y)dy

+

t—m m t—m
=(1"'01'€)/[R /RVTH(V\P (L)(t—m)w)l{\/mupg)¢((w—Y)\/T>de(Y)dy
_(1+c15)/ /\/7H(\/‘{”’(l )tu)l Nrm <(u—z)\/7>dup<‘/t_ >1/ — dz.

According to [16, Lemma 3.3], for any v € (0, %] and s > 0, it holds that

A2
1= 0p(s) < by # p1_y(5) < V1 = vp(s) + \Jve . (3.28)

Letting v = ﬂ, we get
'/R (p[(y)e T dy—(1+cle)/H(\/‘I‘”(/l )m)lf\/‘mw o) Gm & pr-m m(u)du

= 09D S b * pi

w
- 177 n _w )
VP (At e 1 - < . /‘P”(ﬂ*)t> w
(1+Cl£) i t—m w m - ,l:‘z
< — H(w) — | ———— |+ 4/ =e 20 |dw.
V(401 - ! V(A V 1

Combining this with (3.22), (3.24), (3.26) (3.27), and using the fact that p(z) = 0 for z < 0 and noticing that m = [¢t], we get that
there exist positive constants ¢; (independent of ¢) and 7, (¢), cg(e) such that for z > 7, (e),

2(1 + c;e)R*(x) w
EX (hE)] sy ) < H(w)p<—>dw
( B ”) Ve e v, VIO

2R*(x)
t+e 7\/—\11//()L )¢ (W)(ﬁ(——‘ll”uz,l )t>

1 1
dw+c8(£)(l +X)||H1[7£,°°)||l (tl_+ + m)

£

The proof is complete. [
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Lemma 3.6. Assume that ¢ is a Lévy process satisfying (H1), (H2), (H3) and Eo(ﬁl) < 0. Then one can find a constant C; > 0 with the
property that for any € € (0, ¢,) there exist positive constants T,(e) and Cg(e) such that for any x > 0, t > T,(e) and any Borel functions
h,H : R - R, satisfying h <, H and /[R+ H(z —¢)(1 + z)dz < oo,

2R H(z - 5)1/2\* (z)dz + GOR

zﬂ.lllll(ﬂ*)3t3/2 R, 2”1{1//(;‘*)313/2+s R,
Gl +x) (1 1
+ \/; <tl+e +tl+5/2>/R+H(z—£)(l+z)dz.

Proof. Fix € € (0,¢y) and let h, H : R — R, satisfying h <, H. For any z € R, we define

£ (h(g,)l(,o_>,,) < (1 + O 4 cﬂ/E) H(z - e)(1 + 2)dz

H,(z) :=E} <H(§m + z)l(iﬂm}) =E (H(gmﬂ(f;m) ) (3.29)
Fix t > 2 and set m = [¢/2]. For any y > 0, we have
1,(y) = Eﬁ" <h(§m)1(ro->m)) < E;* (H(ém + U)l{rfv_ym)) =H,(y+v), [v<e (3.30)

Consequently, I,, <, H,. By the Markov property,
Ay Ay Ay _
E¥ (M) n ) =/ E} (M (rm )P (o € dvty > 1= m)
Ry

= /R LPY (&, €dyty > t—m) = EX (I,(&_,). 75 > 1—m).

+

Now applying Lemma 3.5 with & = I,,, we get that for r — m > T (¢),
o (h(:,)l(,()->,)> ST+t (3.31)

where

2(1 + C5e)R*(x) < w )
== | H, | —————= |dw
\/ﬂ‘}'"(ﬁ*)(f— m) IR, \P/’(/l*)(f—m)
e E 2RO [ (e
Jy :=Cs \/zlll”(ﬂ*)(t —m) 4/—5 Hm(W)d)( (A, —m) >dw’

1 1
(t - m)1+e * (t— m)l+§/2

We will deal with the upper bounds of J; separately. We first deal with J,. Note that

J = 2(1 + Cse)R*(x) Ef,j(H(é;m)l(,_ym})P(#)dw

2R —m) T, VI G —m)

2(1 + C5e)R*(x) i
e Eere(H(ém - 5)1{7(;>m)>1(w+gzo}P

w
= —_— |dw
V2r¥ (3, — m) IR VG - m)>

2(1 + C5e)R* -
—_ M Efv* (H(fm _ 5)1(70>m))P<L>dw

2R ) —m) IR, VTGO — m)

2(1 + Cse)R*(x) i E.—¢
= 27 7 Hw=-0E;| o\ ——/———— )1iz->m |dw,
V2r (A — m) IR, VY@@ =m) ) 0

where in the last equality we used (3.15). Using integration by parts, we get for any z € R,

J3 :=C6(e)< )(1+x)IIHm1[_5,m>II|-

o ==t V1o )= / ) vl G e S P
VPA)(E —m) 0 Ry V@A) —m)
z VGG =
/ p’(u)Pj*< S WVEANE - mte >m>du. (3.32)
Ry

VI (m VI om

Set

u\/Y(A )t —m)+e¢
Upe 1= ———————.
V¥ (4,)m
Applying Lemma 3.3 to &, we get that for m > Ty(e),
3 R* o Cyle)(1 +
Pi* _ >u,, ,To>m|— _ K@ p(y)dy‘ < GEd+a) Z).
\V2zm¥" (A,) Sy, ml/2+e

Vaom "

14
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Substituting this into (3.32) and using the fact that fR+ p'(u)du < ¢, for some ¢; > 0, we get that

i - 2R*(2) y me Cye)(1 + 2) , Cyle)(1 + 2)
o (A s ) - s o ¥ ] S [ oS s

Using integration by parts again and the boundedness of o/, we get that there exists a positive constant ¢, (independent of ¢) such

that
2
Uin,e — — Vit—
/ plwe "2 du= A/ t—m / PW)p(Uy, )du < 4/ t—m / p(u)p A du + f, (3.34)
R, m g, m  Jr, \/m N
where in the last inequality we used the mean value theorem. By a change of variables, we see that
t—m uyt—m 1 y Yy
— p(u)p du=— P | —= |dy
m  Jr, \/Z \/_ R, \\1- \/;1

W2 \/_(t —m) / V2zm(t - m)_ (3.35)

" 2m=m) dy =
€ y= t3/2 2¢3/2

=L/ _r
B \/E /IR+ \(t—m)m

Combining this with (3.33), (3.34) and (3.35), we get that there exist positive constants ¢, (independent of ¢) and ¢5(¢) such that
2(1+ ¢c4e) R* ()

A /271,"{‘”(}» )213/2

Next, we deal with J,. Note that

| 2C5\[eR(x) [, w
2= —‘Y”(/l*)(t—m) . E; (H(fm)l(rym])qﬁ( q;//(ﬂ*)(t_m)>dw

_ 2C5/eR*(x) [® w
=i m |, B (H &g >m})¢<m>dw

2 R* —
= M (H('fm — ) esm) )¢ W= \aw
P (A —m) VW (2. = m)

2 _
Ss‘/—R Sl / Hw-oE"( ¢ _ e gy |die,
Ty (A — /\P//M Yt —m) 0

where in the last equality we used (3.15). Now repeating the argument leading to (3.36), we get that there exist positive constants
¢¢ (independent of £) and c¢;(e) such that

cs(e) R*(x)

2”\11//(/1*)313/2%

J, < (1 +eyt” 2 ) / H(z - s)R*(z)dz + / H(z—-¢)(1+ z)dz. (3.36)

st(1+céef%)c6\/;ﬂ He - R (s 4 T OR

A /27[\1//1(}’*)31‘3/2 R, A /2#{_1//(10313/2“ R,

Finally, we deal with J;. By the definition of H,, and (3.23), we have
Ay Ay
1H L oy Il = /REy (H@m)l(r:pm})l(yz—s)dy = /R Ey,. (HG, - 5)1(r->m))1{yz—s}dy

=/ (H(gm—s)l (e=>m) dy / H(z - e)P, (7] > m)dz <c8/ H(z—s) z, (3.38)
R, \/_

H(z—¢)(1+ z)dz. (3.37)

m

where in the last equality we used (3.15) and ¢ is a positive constant independent of ¢. Since m = [1/2], there exists a positive constant
cy(¢) such that

@)1 +x) (1 1
J3 < T(z”f + ,1+b‘/2) /R+(1 +z)H(z — €)dz. (3.39)

Combining (3.31), (3.36), (3.37) and (3.39), we complete the proof. [

Lemma 3.7. Assume that £ is a Lévy process satisfying (H1), (H2), (H3) and E(&,) < 0. Then one can find positive constants Cy and g
with the property that for any e € (0, €,) there exist positive constants T;(¢) and C,(¢) such that for any x > 0, t > T;(¢) and any integrable
functions h,H, g : R - R satisfying g <, h <

2R*(x) w
EX (hE) (-5 z—/ gW) 15y — Coeh(w) p<—>dw
( 1/ =y ’]) A /275\{”/(2*)1‘ R, ( {w=e} 9 ) ,—"I”,(ﬂ,*)l
112 2R /°° w _ < 1 1 1 )
o Var (o - e ¥ (200 o= Co@+ DM el \ 713 + a7 + 77 )

where ¥ is the Laplace exponent of &.
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Proof. Fixe € (0,¢y) and let h, H, g : R — R, be integrable functions satisfying g <, 7 <, H. Then gl, ) <, hlg o) <, H1_, o). Fix
t > 1 and set m = [e]. By the Markov property,

Ei*(h(cf,)l{f(;»]) =/R Eﬁ*(h(.fm)l(fpm) (& €dyty > 1—m)

A i i _
:/R E} (h(.fm)l(gmzo ) (o €dyry >t—m )-/R E (h(:m)llgmzo)l(rgs,n] )PX (&m € dyizy > 1—m)
+ +

= L) - L1 =: [() - L0 - L),

where

Il<t>:=/ Bl (@1 1,50) )P (6o € vz > 1= m),
Ry

ﬁl/ﬁ\/[T
i) ;=/0 (h(g 14,20 Liss <m) ) (6 €dy,zg > 1—m),

12(r) i = hE )1 p dy, 77 >t —m).
2) //m (G100 ) VP (o € Ay 75 > 1= m)

The proof of the lemma is divided into the following three steps.
Step 1. In this step, we give a lower bound for I,(z). By [11, Theorem 2.7], there exist positive constants ¢; (independent of ¢)
and c,(¢) such that for any m > 1,

A z—y ¢y (g)
E} (h(gm)l(§m20)> = )“-‘18’1(2)1(201)‘1’( >dz iy L LUESIUE

o . N
—— (D125
Y Gom R(gz == Y Gom

Note that [|al[g o)ll; < [[H 1) ll;- Following the analysis of A;(x) in Lemma 3.5 and using the lower bound in (3.28), we see that
there exist positive constants #,(¢) and c;(¢) such that for ¢ > 1, (e),

1 z—y X )
1 >e — |d Px* _m € dy, >
V(A )m /RJr <./R SIS )¢< l{l//(i*)m) Z) (5, 1 m)

_2R*(x) w e3(e)(1+x)|H1 Ooo)lll
\/ﬂ‘{’”(ﬂ )3 JR g(w)l(wzg}p 1/ll’//(ﬂ )t duw = tl+e

and using the upper bound in (3.28), we have

c€ -y ; )
Y% @ dz |P" (&, €dy,7y > 1 -
(A )m IR, </R @l Zo;‘f’( v \Ilu(/l*)m> Z) (& 7o m)
: z R 1 Hl1
< _2eER7(x) h(w)p w dw + 04\’{2 (x) neos —2— Vaw+ e3&) (1 + )l H g o)l
V2r (4,0t Ry VIt v Jr, VI G rl+e

where ¢, is a positive constant independent of . Thus there exists a positive constant cs(e) such that for # > ¢, (e),

2 R*(x) / w *(x) w
L >—X Lisey — Caeh _w P
1 (1) TR R+( ) (y5ey — €4 (w))p< ‘I’"(/l*)t> 4\/_‘1‘”(/1 T (w)¢< _‘P”(A*)z> w

—cs(sxl+x>||H1[o,oo>||1<L+ : ) (3.40)

tlt+e t1+6/2

5

Step 2. Next, we give an upper bound for 121 (). Combining (3.21) and (3.23), we get that there exist positive constants ¢ (inde-
pendent of ¢€) and ¢,(¢) such that

/6 i
o< /O B} (& 15,500 )P4 (6o €yt > 1= m)

eOVIN 4 CoE

0 «m/ N ”’(m

For any u € R, define

s'/ﬁ\/m 1 u—y
J(u)::/ ¢ (g,medy, >t—m).
0 VI Aym \ /P (A)m

Then by Fubini’s theorem, we have

07(5)(] + x)“ H1 [—€,00) “1

m1+8/2/t _m

)dzP (6meEdy.ty >1—m)+

(o) (L) S (Em €dyiTy > 1—m /RH(u)l(uZ,g)J(u)du.

/55
/ \/‘P”(i Ym / NCZIOWY)
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For any u € R,, define

1 u—y
F,() := .
g \/‘P"u*)m¢< \/w"u*)m)

Using the definition of J(x) and integration by parts, we get
10 = [ R0 (e € by < eOVEL T > 1= m)
0
< [ EORE (60> 56 € OV > 1= m)ay
0

/63
= /0 F (0P (5,_m € ety > 1 m)dy.

Since m = [e1], using Lemma 3.3, it holds that for 1 — m > T (¢),

/6y
y) 1/6 _ 2R*(x) Nz )(,t_T,,) Cy(e)(1 +x)
P&, € e PVt 1ty >t—m) - ———— * p(z)dz| < ———~.
t—m 0 1/2+¢
V2t —m)¥P"(A,) 7\1'"(; — (t—m)

Now, using the fact

Fu(eV5 i) - Fy0) < 2,
Vi

for some cg(e) > 0, we get that there exists a positive constant cq(¢) such that for t — m > T (e),

+ /6y 1/6
1+ t
Juy< Q@01 2R For( =Y ) _p(—2 )y
(t=ml2 \ft L\ 2r(t—mP" (A,) Jo VPTG = m) V() —m)
Using integration by parts and the fact F,(0) > 0 (see [11, (3.33)]), we get that there exists a constant ¢, (independent of ¢) such
that

/63 ) < < 51/6\/m > < y )) 61061/12 < u )
/ FOIRl —/——)—-R dy < ¢ .
0 VP (A ) —m) VP (A0 —m) Vi—-m VP (At

It follows that there exist positive constants ¢, (independent of €), and #,(¢), ¢,(¢) such that for 7 > 1,(¢),

2R*(x) & u 1 1
Lepy < 112 =8 _u L
I,(t) <cyq€ T e H(u)¢( —‘P”(A*)I)du-'-cn(g)(l+X)”Hll_mo)”]<t1+5 + zl+5/2>' (3.41)

Step 3. Finally, we study the upper bound for Izz(t). By the definition of Izz(t), we have
122(t) = / Jm(y)Pi* (6m € dyiry > 1—m),
R
where J,,(y) := E}* (h(e:m)l (e20) L (55 <) ) 1 yserssfiy- For any z € R, define

i
M,(2) :=E, (H(fm)l{:mz—s)lir;sm>1<z+g>el/6\/m)'

Consequently, J,, <, M,,. Applying Lemma 3.5 with 4 and H instead of J,, and M,,, we get that for t — m > T} (e),

* 2Cs+/eR* o __wr
B < 2UHCOR. Mm(w),,< w )dw+ SVER' () IR
V2P (A,)(t — m) IR, V(2 —m) V22" (A)(t —m) ¢

1 1
+ Co@)+ )M, 1l <<, — o T ) (3.42)

Now we bound the three terms on the right-hand side of (3.42) from above. Using (3.17),
Ay
1M1 olly = /R B2 (HE 201 Lo e ) eaeserso i) Hizame) 42 (3.43)
As
< /R E; (H(é”‘)](émz—é))1{z+e>£‘/6\/m} lzzmeydz
= / H(z)l{zz_S)P;* (Em +e> 51/6\/[1],5,,, > —e)dz
R
(o]
< / H(2)dz < | H1_ ol
—E&

17
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Moreover, using the definition of M,, and (3.16), we get that

[ o Yo
R, VI —m)

I
=~

A w
El (HED 20 Lo ) seserio i 2| e |0
. w m/ & =—e} H{rg <m} | {wte>el/04/[1]) Y72 — m)

I w+ e
Ew+e(H(ém)l{imz—f}I(Tg_ﬁm))l(w+2£>sl/6\/m)p< ) )(t—m)>dw

A w+e
E; (H(ém + e)l(¢m+gz—5) 1{15§m))1{w+25>51/6\/ﬁ)p(—>dw

VP (A, — m)
= [ Hw+el £ __Gte 1z dw
= . (w2-2¢} 0 | P W’/(j*)(t —m (fpn+2é>£l/6\/m~%§§m)

=:J,(@®)+ Jr(0),

|
=~

7~

where

VAT 2
5,@) 1= / Haw+oE o —2te )y, oo |dw,
. w YOG = m) (Eut2e>e!/04/11,75 <m)

Jz(t)::/eo Hw+eE( p _Gare Lz iaemelfoflmm |20
RN WG —m) ) e VG =m

Next, we consider the upper bounds of J,(r) and J,(¢) separately. We claim that there exist positive constants ¢;; and ¢ (both inde-
pendent of ¢), and c4(¢) such that

51/4m
Jy (1) < ¢3!/ / H(w + &)dw, (3.49)
—2¢

and

& ci4(8)
Jz(t)SCBgl/lz /1/4 H(w+£)¢< w ) >dw+ qu 1H 1 o)lly- (3.45)
I3 t

vin W (4,

Using (3.44), (3.45) and the fact that ¢ is bounded, we immediately get there exists a positive constant ¢;5 (independent of ¢) such
that

/ M, (w)p . — declssl/lz Hw+¢)p w dw + CM(E)HHI[_EOO)HI.
R, V(A — m) —2¢ WA 1 '

Similarly, there exist constants ¢, (independent of ¢) and ¢, (¢) such that

) o w? 00 cp7(e
/ M, (w)e @ dw < ¢;ge'/12 H(w+£)¢< w >dw+ ‘Zq( )||H11_m)||1.
3

2 VI

Combining the last two displays with (3.42) and (3.43), we get that there exist positive constants ¢,g (independent of ¢), 7;(¢) and
c19(€) such that for r > 13(e),

g R*(x) o w 1 1 1
P <—8= " /2] Hw+e) —)dw +eo@A +0IHL_, ol — + ——= + — ). (3.46)
2 A /zﬂ.lp//(/l*)t _2¢ ( /‘I’/'(/Lk)t 19 [—€.c0) 111 tl+e $146/2 ¢l

Combining (3.41) and (3.46), and using the fact that there exists c,; > 0 such that R*(x) < ¢,(1 + x), we get that there exist positive
constants ¢,; (independent of €), ¢y, (¢) and #4(¢), such that for ¢ > #,(¢),

L) < ey /122K /oc Hw[ —2— )du+ cn@)(1 + 0N H 1, ool <]L TR %)
2z (A0 I -E W (At flte — f146/2 7 fl4q

Combining this with (3.40) gives the desired result.
Now we prove the claims (3.44) and (3.45). Using the boundedness of p and the fact that there exists a positive constant 5
independent of ¢ such that

/05 /[1] - 81/4\/@- 2e > %el/é' [1], t>ts. (3.47)
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Therefore, we get that there exists a positive constant c,; such that for ¢ > t5,
1/4\/[7 A . 51/4\/m
5,0 < e / H(w + )P (5,,, +2e > €/ [t])dw < epPl (gm €/ m) / H(w + e)dw. (3.48)
—2¢ —2¢

Using [11, Lemma 3.4] withu=v = %51/ 64/[1], since m = [et], we get that there exist positive constants c,, and c,5 both independent
of £ such that

e/oVIn) <2 | 4 P (181> ~€/°V/I1) < zEA*(g‘Z)< 1/
(«fm [])_ exp{ + Ve }+m (|§1| 55 []) 4623 + [et] Ve cy56 /7,

where in the second inequality we used Chebyshev’s inequality and (H1). Combining this with (3.48), we complete the proof of
(3.44).
Next we prove (3.45). Using (3.47) and Holder’s inequality, we get that for all ¢ > 5 and w > 0, we have

P (8, +26 > VOVl 7 <m)

< P’l*< max |E | > lgm\/ﬁ)]/sz* (? < m)l/2

=W \seom T2 wio =

= P’l*< max |E | > le'“\/ﬁ) 1/ZPA* (? < m)l/2 (3.49)
T \setom ST 2 0\ -w = ' )

By Lemma 3.2, there exists a Brownian motion W with diffusion coefficient ¥"’(41,), starting from the origin, such that for any 7 > 1
and x > 0,

C52¢)

FHPEN
PriA) s ——
t(f—zg)(an) 1

where A, is defined by
2 LW 1-2¢
A, ::{ sup |& — Wil > 12 }
s€[0.1]

Therefore, there exists positive constant ¢ (independent of ¢) and c,4(¢) such that

— C;(2¢e Cye(€
P (T_u <mA ) 320 26©) (3.50)
(3—26)6+2)-1 124
Moreover, for w > £!/44/[1], we have there exists a positive constant c,; such that
Pl (7, <mAS) =P inf & <—w A
0V -w = m 0\ sef0,m
s2
< Pg*( inf W < m2 —2 _ w> = / e 2"‘”“*)’"ds
s€[0.m] 27[‘1’”(}» v Juoema
o 2 200V ¥ (Am — w2
<y e Tds < 27—(*)e S Gom (3.51)
w w
2/ (A )m

S2 02
where in the last inequality we used the fact that [~ e” 2 ds < %e_T for any a > 0. Combining (3.51) and (3.50), for w > £'/44/[1],
since ‘F < 1, it holds that

Ay (A 1/2 w Cp9(€)
P < < E—— B
o (T, sm) "< C28¢< ‘{‘“(/1*)1> +=

for some positive constants c,g and c,9(¢). Similarly, we can get that

Pif( max |&] > Loe /_[t]> < e /0 4 c;l_(e)
s€[0,m] 2

124

for some positive constants c3, and c3;(¢). Combining this with (3.49), we get there exist positive constants c3, and c33(¢) such that

Pl (8, +26 > /OVIL 7y <m) < e/ ——2— ) + @ s ey
W (At 1

This completes the proof of (3.45). O
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Lemma 3.8. Assume that ¢ is a Lévy process satisfying (H1), (H2) (H3) and Ey[,] < 0. Then one can find positive constants C,, and q with
the property that for any e € (0, £,) there exist positive constants Ty(¢) and Cy,(¢) such that for any x > 0, t > T,(¢) and any Borel functions
h,H,g : R > R, satisfying g <, h <, H and /R+ H(z —e)(1 + z)dz < oo,

2R*(x)
A /2”\1///(/1*)3,3/2
2R*(x)
V2xW" (4,)313/2
CpEd+x) (1 1 1
_T<[1+5+t1+_5/2+1m>'/n§ H(z —€)(1 + z)dz.
+

Proof. Recall that the functions H,, and I,, are defined in (3.29) and (3.30). Fix ¢ € (0,¢() and let h, H, g : R — R, be Borel functions
satisfying g <, h <, H and /R+ H(z — €)(1 + z)dz < co. For any y € R, define

B (@) o ) 2 (1= Cui 2 = Cpator ) /R ¢z +OR ()
+

—Cpy(e)(1+Cpper/? 4178 / H(z - €)R*(2)dz
Ry

As
N 1= B (8601 g1 Lierom )-
Then for any y > 0 and |v| <,
Nm(.V) < Eﬁ* (h(ém + U)l{fmzﬂ 1(r;>m)) < Eﬁ* (h(ém + U)I{T:L,>m)> = Im(y+ U)'

Therefore, N,, <

—E

1, <, H,,. Applying Lemma 3.7 with h = I,,, we get that for t — m > T;(¢),

m —¢€

Ei* (h(gt)l(10_>r)> = Ei* (Im(gt_m),fo— >1—m)

2R*(x) z
> —/ Nm(z)lqzzé,p<—>dz
V22" (A,)(t — m) IRy VP (A, —m)
2Cye R*(x)

——_— / lm(z)p<;>dz
V229" (3,1 — m) IR, VI —m)
1/12 p= ©
_GEPR) / HM(Z)QB(;)M
V22W ()t — m) /e VI —m)

1 1 1 .
— Cyole)1 +x)”Hm1f—év°°>”1((,_m)mm + T + (t_m)Hq) =: ZK,-,

i=1

where ¢ is the constant in Lemma 3.7. By (3.15), we have

2R*(x)

K, = —/ Ei* 8 e seylizmsm ) (z2e p<;>z
L V2R - my R, (88520 o )12 VI GG —m)

=¢/ g(z+e)Ei* p L 1(?>m) dz.
V2RV () - m) I, VE G —m )

Repeating the argument leading to (3.36), we get that there exist positive constants ¢; (independent of €) and ¢,(¢) such that
2R*(x) 2c,5(e)R*(x)
\/W 13/2 \/W 3/2+€
Using an argument similar to that leading to (3.36), we get that there exist positive constants c; independent of ¢ and ¢,(¢) such that
2R*(x) 2R*(x)

A /271.\11/!(/1*)%3/2 A /2”\11//(/1*)3[3/2+e

K, > (l - clt_l/z) / gz + e)ﬁ*(z)dz - / g(z+ &)1 + z)dz. (3.52)
R, R,

Ky > —cye(l + cze1™1/?) / H(z — €)R*(2)dz — ¢,(e) / H(z—e)(1 + z)dz, (3.53)
R, R

and

2R H(z - )R*(2)dz — ¢4(e) 2R H(z - e)(1 + 2)dz. (3.54)

K5 > —c351/12(1 + c35t_1/2)— —_—
V229" (4,332 IR, V27" (A,)33/2+ IR,
Moreover, by (3.38), we get that

_cs(e)(l+x)< 1 1 1

tl+e t1+6/2 tl+a

K, >
Vi

for some positive constant cs(e). Combining (3.52), (3.53), (3.54) and (3.55), we get the desired result. O

) / (1 +2z)H(z - €)dz, (3.55)
Ry

Proof of Theorem 3.2: Since 4 : R — R, is a Borel function and z — A(z)(1 + |z|) is directly Riemann integrable, by [11, Lemma
2.3], there exists a € (0, 1) such that fR ha (1 + |z)dz < oo, for any € € (0, a), where h,, is defined in (3.18). Applying Lemma 3.6 to
h, we have for 1 > T, (¢),
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2R*(x) -
el 2 h, .
V259 (A3 vy

(z=e)1+2z)dz

PI2E (h(f,)l(?,,) < (1 + O 4 cﬂ/Z) (z - e)R*(2)dz

2C; R* _
+ 2GR® Ry .
\27¥"(A,)3 IRy "
+ Cg(e)(1 +x) 1, L / h, (z—e) +z)dz,
1€ 15/2 R, m>

where a,, = 27"a, m > 0. On the other hand, by Lemma 3.8, we have for ¢ > T,(¢),

32 PPy, o —ey_ 2R'M) -
BIPEE (REN oy ) = (1= Cpyt Cpy(e)t h, (z+eR*(z)dz
( 1 (0>r)) ( 1 12 ) WGy Jr, o
2R , .
- Cpe(l +C1151_1/2+1_5)¢ h, (z—e)R*(2)dz
279" ()3 "
—Cp(e)1 +x) l+L+l (1+2)h, ,(z—e€)dz
12 1€ 15/2 14 R, A€ .

Since h is not almost everywhere 0 on (0, o), we have

/ h(z)R*(z)dz > R*(0) / h(z)dz > 0.
R, R,

Thus,
A,
PPE () (o )
lim sup —— _ §<1+C7\/E>limsup1(e,m), (3.56)
=00 &/R h(z)R*(z)dz =00
V279 (2,03 T
and
Ay
I B (el limsup (J(e.m) — CyyeI(e.m)
im sup - — > limsup (J(e,m) — Cel(e, m)),
=00 &/R h(z)R*(2)dz —00
V272 (4,03 T
where

fqu }_"a,,,,g(z — e)R*(2)dz

o, by, 2+ +2)dz
/R+ h(Z)ﬁ*(Z)dz .

I(e,m) := , J(e,m) =

/R+ h(z)R*(z)dz
Repeating the argument for I(y,e,m) on [11, pp. 40-41], we get

lim limsup I(e,m) = 1.

E700 o0
This combined with (3.56) yields that
2R*(x)

lim sup t3/2Ei* (h(fr)l{f»}) <
0 279" (4,)3

=00

h(z)R*(2)dz.
"
The lower bound can be obtained in a similar way and this gives the desired result. O

4. Proof of Theorem 1.1 and Theorem 1.2

In this section, we give the proofs of Theorems 1.1 and 1.2. For any x,¢ > 0 and y > 0, define
u(x,t) ;=P (¢ >1),
and
0,(x.1) 1= P (M, > y).
It is easy to see that
Qp(x.1) :=P (M, >0) =P (£ > 1) = u(x,1).

Let BZ(R ) be the space of non-negative bounded Borel functions on R, . The following result is [1, Lemma 2.1] which is true for
any branching killed Lévy process.
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Lemma 4.1. For any h € Bf (R,,), the function
_ 0
up(x,t) :=E, (e /R+ h»z, (dy)>, >0, x>0,

solves the equation

— — t kel
u,(x,H) =E, (e Mg >) + ﬂEx</0 <;)pkuh(§wo—,t -9k - Up(Snr = S)>dS>~

Consequently, v, (x,1) = 1 — uy(x, 1) satisfies
~h(Ens-) !
vp(x.1) = Ex(l — ¢ Mg ) ~E, (/ Py Expey o = s))ds>.
0

The next result is also valid for any branching killed Lévy process.
Lemma 4.2. For any x,t> 0 and y > 0, it holds that
05,1 = B (15 gy ¢ 0 PG ), (4.1)

Proof. For any x,¢ > 0 and y > 0, by the dominated convergence we have

60—

- 0
1= 0,060 = Po(M, £ 3) = P(Z)(.00) = 0) = lim E,(e7%0)) = lim E, (e fo, Olom®% “’”)-

Now applying Lemma 4.1 with h(z) = 1(, (), we get

t
0,060 = lim B, (1-¢ "0 )) E( / DO, (Eqpem 1 — s»ds)
-0 0 0

t
=P, (b > ) - EX< /0 B0, (Eqpes 1 - s))ds).

Thus Q,(x, 1) is a bounded solution of the following equation

u(x,1) =P, (gma > y) -E, < / Py~ s))ds). (4.2)
0

It follows from [19, (4.8), p.102] that there is a unique positive locally bounded solution to (4.2). Thus we only need to prove that
the right side of (4.1) is also a solution (4.2). For s € [0, 7], define
! ‘P(Qy(iwon 1—r))
Ay=-[] ——>——ar
’ s Qy(gr/\r(; = V)

Note that ? = @(u) + « for u € (0, 1]. The right side of (4.1) can be written as E, (eAO«f 1 (5 >1.8>y) ) It is elementary to check that

0 Qy(‘fmra ,E—8)

Hence we have

) =
PO, = 9) S) 43

t
E (49 (a0 ) =P (8ng > ¥) —Ex<l (s 5159) /0 et
y\os I =S

Now using the Markov property and the fact that

dr,

=5 ‘D(Qy(f(rﬂ-)/\r‘ JE—r—13))
Ast = / .
0 Qy(‘f(r+s)Arg’t —-r-= S)

we see that (4.3) implies that E, (eAOJ 1 (15>t,§,>y}) solves (4.2). Thus, we have
—_ ! —
Qy(xa n=E, (eAUJ 1{1‘6>I,§r>}’) ) = e_mEx(l{TO_>r,§;>y}e Jo 910y et S))d-V)‘
This gives the desired result. O

The next lemma will be used to prove the lower bounds in Theorems 1.1 and 1.2.

Lemma 4.3. Assume that (1.2) holds and ¢ is a Lévy process satisfying (H1). Let x > 0.
(1) IfEy(&)) =0, then for any y > 0, we have

liminf Vie®Q V&0 2 2C,p R 2 (3).
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(2) IfEy(&)) > 0, we have
lim inf e u(x,1) > q,Cypp-

Moreover, for any y € R, we have
P
ll{[_l)gclfe Q\ﬂy+E0(5|)r(x’ 1) quCSub/X ¢(z)dz.

(3) IfEy(&)) <0 and (H2) and (H3) hold, then for any y > 0, we have
lim inf /2e(*=Y3'Q (x,1) > 2R [ iz ey,
V29 (4,8 Uy
Proof. For any y > 0, by the definition of O, we have
0,(x.)) P > 1) <P > 1) = g).
It follows from Lemma 4.2 that

1
0,(x,1) =e"E, ( l{ro_>,,§,>y)e_ Jo (p(Qy(gx’,_S))ds)

> e~ PEUNP (75> 1,8 > y) > Cype P, (15 > 1,£, > y), (4.9

where the last inequality follows from (1.6). Applying Lemma 3.1, we immediately get the assertion of (1). Using the fact that
u(x, 1) = Qy(x,1), ¥'(0+) = Ey(&;) and applying (2.3) and (4.4), we get

lim inf e u(x, 1) > lim inf ConPy (75 > 1) = ¢,Cop-

This gives the first result of (2). Applying Lemma 2.3 with y replaced by /7y + E, (&)1, we get the second result of (2). Applying
Theorem 3.1 with f(x) = 1,,.(x), we get the assertion of (3). O

In the following three lemmas, we prove the upper bounds in Theorems 1.1 and 1.2.

Lemma 4.4. Assume that (1.2) holds and & is a Lévy process satisfying (H1). If Eg(£,) = 0, then for any x > 0 and y > 0, we have

lim sup \/;e“’Q\ﬂy(x, 1) < 2Cg, R(X) 2 (1)

=00

Proof. Recall that ¢ and Q,(:,7) are increasing functions. Fix an N > 0. For t > N, by Lemma 4.2, we have

1 N . e
< oot ~ Jn @ 5\ _ =¥ 90 nf e s
QD) < e, <1 (25 >16>Vin € ’ SR Lmsrgsvin @ ' :

Take a y € (0, %) and define

B

. - J¥ @@ /. (infreq_n g &o5)ds
Ji@ = Ey (1(16>7~§r>\ﬂy’i“fre[z—N.r] &2y )e v

- ~Jy" 9(Q J (inf ey &ras)ds
10 = E, <1 {5y >t Vivinf ey &< Viv+i7) © '

Then Q \ﬂy(x’ 1) < e~ (J,(t) + J,(1). Since O \ﬂy(x’ t) is increasing in x, we have

B < B PORVD0p (s g V). (4.5)

By (4.4) and (1.5), we have
Q\ﬂy(x, 1> g(HP, (TO_ >1,& > \/;y)

Thus,

~ 13 9@ . (Vv s)ds { N - }
¢ Viy <exp{ — A q;(g(s)P\ﬂy_Hy (1—0 > 5,8 > \/;}’>)ds .

Plugging this into (4.5) and applying the dominated convergence theorem, we get

Jy(t
lim sup lim sup 10 <limsupe~ o' olands — Co- (4.6)

N-oo 1= Px(Ta > t’gr > \/;y) N-oo

Therefore, by Lemma 3.1, we have

lim sup lim sup \/;Jl () <2C, R(X)2(y).

N-oo t—o0
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Now we show that
Jim Vg, = 0. 4.7)

For any ¢ > 0 and 7 > N, it holds that

< - i v
J,() <P, <f0 >16 > \/?y,re[lﬂgmgr <AViy+t )

SPX(TO_>I, \/;y<§,§ \/;(y+€)>+PX(rO_ >8> \/;(y+e), E[irnij’\,t]§,< \/l-‘y+tV>.
refi-N,

By Lemma 3.1, we have
yte

lim ViP (7 > 1. Viy <& < Vi + o) = 2R(x) 5 s o,

2re2 /L

s .
For any ¢ > 0 and « € (0, m), define

1 —
A = { sup |&, — & — W, > 12 K},
sefo,1]
where W is the Brownian motion in Lemma 3.2. Then by the Markov property of &, for k <t — N,

- 1 Y
P, <ro >t1,& > \/;(y+ 6),re[ltr_lf]‘v"]§r < \/;y+t >

=Ex<l{r0—>k)P€k <T(; >tk &y > \/;(y+e),r€ inf &< \ﬁy+zr>> < H\(t) + Hy(1),

[t—

where

H,(1) = EX<1[TJ>k)P5k(r0_ >t—ké > \/?(y+e),A,_k)),

Hy(1) :=E, (Pfk <5r—k > Vi +e), &< Viy+ IY’A;—k>>'

inf
relt—k—N t—k]
To prove (4.7), we only need to prove

limsup ViH,() =0, and limsup v/tH,(®) = 0. (4.8)
=00

1=
Using (3.23) and Lemma 3.2, we get that for any k < 1,
CCs5(x) 1+ x
(t— k)(%—x)(é-ﬂ)—l NE

where C > 0 is a constant. Taking k =

H,() <

3» we get that
lim sup \/;Hl ) =0. (4.9
=00

For any z > 0, we have

1 1
Pz<é,_k >Viy+e. inf &< \/;y+ty,Af_k> < Qz<W,_k > Vily+e)—127%, W, < Viy+1' +ﬁ"(>,

inf
reli—k—N 1—k] reli—k—N 1—k]

where (W}, Q,) is a mean 0 Brownian motion with diffusion coefficient 62, starting from z. Therefore, for any z > 0, using the reflection

principle for Brownian motion, we get

1
. ‘ v ) < . ~ y e
lim \/;Pz<§t—k > Vil + O o int &< Viy+1 ,A,_k> < lim \/?Qo<r€1[g}°m W, < —eVi+1 +2 >

= Vi gy o> i -2 ) <o
which implies that

lim ViH, (1) = 0. (4.10)
Then (4.8) follows from (4.9) and (4.10), and we complete the proof. O
Lemma 4.5. Assume that (1.2) holds and that & is a Lévy process satisfying (H1). If Ey(&,) > 0, then for any x > 0, we have

lim sup e*u(x, 1) < g, Cyyp.

11—

Moreover, for any y € R, we have

[se]
lim sup emQ\ﬂme(gl)x(X’ )< qXCsu,,/y P(z)dz.

=00
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Proof. Take y € (0, %) and fix an N > 0. For > N, using Lemma 4.2, we have

at -/t N Qg () Gt
Q\/y+E0( () <e™E (1{,0—>,,§,>\ﬂy+EO(§l),)e 1+Eg(4)

N .
—at - /0 (/’(Q\ﬂ +E (& (nf,e(r—N 1 &r25))ds
= Ex<1(fa>t,§,> 4B (61)1) rHolér)

=: e (K, (t) + Ky (1)),
where

>

- /E]N »(Q Viy+E, (i“fre[t—N il &.8))ds
K. (1) := o(é1)r ’
10 1=K, <l{rg>r.5,>\ﬁy+Eo(¢1 Jrinf reqi— . &2 Viv+Eg (& )47} €

K@) i= Ey <l{rg>t,5,>\/;y+E0(€1 Jrinf reqi— . & <Viy+Eq (& )17} €
Repeating the argument leading to (4.6), we obtain that

Kt
lim sup lim sup 10 < Cyup- (4.11)

Nowo  i—oo P(‘L’ >1,E > Viy+E fl))

Therefore, by Lemma 2.3, we have

-i PO iy (¢ )i (M reti=N.at s v))dv)

[o+]
limsup limsup K () < quSMb/ ¢(z)dz.
¥y

N—oow 11—

Next, we show that lim,_,, K,(¢) = 0. For e > 0, it holds that

Ky(1) <P, (ra > 06> Viy+Bo(e)r, inf & < Viy+Eo(&)i+ ,y>

<P (7 > 0 Viy+Eo(8) <& < Vil +6) +Eo()1) +Px(¢, > Vity+e)+Eg(&)r, _inf & < \/;y+EO(§1)t+tV>.
By Lemma 2.3, we have
lim P (T > VY + By (&)t < & < Vil +e) + Eo (&)t )i» 0. (4.12)

For Ey(£)) > 0, since ((&; — Eg(&)1);50, P, ) er ) is @ Lévy process satisfying Ey(&, — Ey(£))) = 0, it follows from Lemma 3.2 that there
exists a Brownian motion W with diffusion coefficient 62 = E0(§]2) starting from the origin such that for all 7 > 1,

1_, C5(k)
P | sup |G —Eo@&Dts) —x =W |>127" | £ /———, (4.13)
s€[0,1] I(E—K)((HZ)—I

where k and C;(k) are defined in Lemma 3.2. Let
1 —,
DI ‘= { sup |(§ts _EO(gl)tS)_ x = W/Isl >12 K}’
sel0.1]
then by (4.13), we have lim,_,, P, (D,) = 0. Moreover, we have

PX(»:,> Vity+e) +Eg (&)1, _inf & < iy +Eqf :l)r+ﬂ>

r€l[t=N.1]
<P.(D,) +P, <§r > Vi +e) +Eg(& )t re[itlli;\l ; E<Aty+ Eo(&)t+7, Df).
Furthermore, using the reflection principle for Brownian motion, we get that, as t — oo,

P, <§x > \/;(Y+€)+Eo(§1)t, re[itgljmé, < \/;y+E0(§])t+t7,Df>
1 1
sQX(W, > \/;(y+e)—ﬁ"“, inf W, < \ﬂy+t7 +ﬁ‘”>
re€[t—N 1]
1
5Q0< inf, W, < —e\i+1" +21T”> =Q0< max W, > eVi—tr =213 K) -0,
rel0,

where (W,,Q,) is a mean 0 Brownian motion with diffusion coefficient ¢?, starting from x. This combined with (4.11) and (4.12)
gives the desired result. O

Lemma 4.6. Fix an N > 0. Assume that (1.2) holds and ¢ is a Lévy process satisfying (H1), (H2) and (H3). If Eo(fl) < 0, then we have

AseX ~
lim 1326~ ¥R ( (e gy 9 G0 )  gamwia 2RO 2R (e P.(My > y)e* R*(2)dz.

IS 2297 (3,)}
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Proof. By the Markov property,
y 1—5))ds — [N 00, N=s))ds .

Ex(l(‘ra>t,/,‘,>y)e Ji-n #Qy(Et=s) A) = Ex(l{r(;»—N)Eg,,N(][TU*>N,.»:N>y)€ Jo” #Qy(&N=9) 3)) =: Ex(l{r(;»—N)f]{,(f;—N)),

where for any z > 0, f 1{, is defined by
. -y - N—s))ds

fj{l(z) = Ez<1(TO’>N,5N>y]e Jo™ 0y N =) A)'
By Lemma 4.2,

(@) =eN0,(z N), (4.14)

which implies that f 1{, (z) is bounded and increasing with respect to z. Then f 1{, is a.e. continuous. By [20, Corollary 3.2], f Jy\, (2)e~*+2(1 +
|z]) is directly Riemann integrable with respect to z. Applying Theorem 3.1 with f replaced by f},, we get

b -
o fn q»(Qy(r:S,r—s))ds) _ o ¥ON 2RI 12 (e hF R¥ (2)dz,

V297 Je,

. 3/2 ,—Y(a,)t
tllglo r'"e Ex(1(16>t,§,>y

which gives the desired result together with (4.14). O

Proofs of Theorems 1.1 and 1.2: Combining Lemmas 4.3, 4.4 and 4.5, we get parts (1) and (2) of both Theorem 1.1 and
Theorem 1.2 immediately. Next, we prove part (3) of both theorems. For Ey[£,]1 < 0, fix N > 0 and y > 0. By Lemma 4.2, we have for
>N,

0,(0.1) € €, (155 gy o PO, (4.15)

Combining this with Lemma 4.6, we get that

2R* A X ~
limsup /2~ Y& Q (x,1) < 2RI iy inf ole WA / P,(My > y)e **R*(z)dz. (4.16)
R

1o V2rP (4,3 Noe +

Moreover, using the fact that Q,(x,7) < g(t) = PO(E > 1) and Lemma 4.2, we get
t t—=N
Qy(xs 1> e_mEX ( 1 {7 >t §r>y)67 Jion (p(Qy(:S’FS))dS)e_ 0 q’(g('—s))d{
o>t

Using Lemma 4.6 again, we have

2R* ApX ~
liminf /26~ ¥®DQ (x,1) > 2R i sup e@PEIN / P,(My > y)e **R*(2)dz. (4.17)
1=eo \27¥"(4,)} N-eo R,

Combining (4.16) and (4.17), we obtain that

IR* AeX ~ 2R* AgX
,llfg 13/2e(“‘w‘*))’Qy(x, 1= (x)e lim e(a—‘V(l*))N/R P(My > y)e R (z)dz := (x)e

V229 (A,)3 N=w . NZTZrn

where C, :=limy_,, e@ Y#IN fR+ P,(My > y)e~**R*(z)dz. Next, we show that C, € (0, o). First, applying Lemma 4.3 (3), we get
C, 2 Csub/ e 2 R*(z)dz > 0.
y
Using (4.15) and taking f(x) = 1, .,)(x) in Theorem 3.1, we get

2R* AgX LS ~
lim sup t3/2e(""l‘(’l*))’Qy(x, < tlim P2~ 0P (rg >1.,>y) = 2R X)erT e MFR*(2)dz.
—00

100 279" (4,)3

Therefore, C, < y°° e~*2R*(z)dz < co. This completes the proof. O

Proof of Corollary 1.1: We only prove (3). Combining Theorems 1.1 and 1.2, for any 0 < a < b, we get that

N=0,000  limy_o [ZP(My € (a,b)e~*ZR*(z)dz
lim P, (M, € (a,b]|¢ > 1) = lim Qux.1) = Qyx,1) _ My °°/°°° =N A( )
iS00 >0 u(x,1) limy_ /0 P,(My € (0, 00))e~**R*(z)dz

Therefore, there exists a random variable (X, P) such that P, (M, € -|{ > 1) vaguely converge to P(X € -). Moreover, by (4.4), we have

0,(x,) e Py(y >1.5>y)
P.(M, > >t) = < = —P >yl >t).
M0 = S S e B 5 1) G 8 >0

Thus by Theorem 3.1, the tightness of M, under P, (-|¢ > 1) follows from the tightness of & under P,(|z; > #). This gives the desired
result. O
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5. Proof of Theorem 1.3
Recall that a = (1 — m). For any 0 < x < y, define
v(x,y) =P (M > y).
The following result is valid for any branching killed Lévy processes.

Lemma 5.1. For any 0 < x < y, it holds that
+ &
u(x,y) = Ex<1<ry*<11e"‘"y b “’(”(5"”"”)
0
where ¢ is defined by (1.1). Consequently, for 0 < x < z < y, by the strong Markov property, we have

o
v(x,y)=Ex<1{T+< (o) “’(U@S’y”‘“).

%
Proof. For 0 < x < y, comparing the first branching time with r;’, we have

0 0 0
v(x, y) :/ pe PPz} < 15,7} < 5)ds +/ ﬂe‘ﬂSEx<(l =Y (- v(fx,y))k>1(f;mo->s)>ds
0 0

k=0

—pet o S k
=Ex<e Py 1“3“6)) +/0 pe ﬁsEx<<1 _;)pku %)) )1‘T;A,0>S,>ds.

By [21, Lemma 4.1], the above equation is equivalent to

© _ o - k
v(x, ) + ﬂ/o E, (00 ) (a5 )ds = P < 1 ) + ﬁ/o Ex<<l - I;)pk(l ) >I(T;M0>S)>ds,

which is also equivalent to

FAUN
o) =Py (7f <75) —Ex</0 n d)(u(gs,y))ds),

where @ is defined in (1.1). By repeating the argument leading to (4.1), we get the desired result. O
In the remainder of this section, we always assume that ((§,),5¢. (P,),ecr) is a spectrally negative Lévy process.

Lemma 5.2. Assume that & is a spectrally negative Lévy process. For any 0 < x < y, we have

exu/(rx)w(o))(x)
u(x,y) < —W(((;; < elmv@, (5.1)
(o)
eV OW )
Proof. Since the function ¢ is non-negative, combining Lemma 5.1 and Theorem 2.1 (2), we get
_ W®(x)
< ar) - ) = .
v, y) < E"(e Mg wag) Y

This combined with Lemma 2.1 yields that
exu/(a)W(O) x
v < =IW(@)

v(x,y) < — .=
yw (@)
e Ww(a)(y)

This gives the desired result. O

Proof of Theorem 1.3: By Lemmas 5.1 and 2.2, we have
i i
—art—["Y ) 3 — :
b(x,y) = Ex<1[r;<fo—) =l w@(@))ds) - e(x—ywwEg’{(a)(l[,;<To_)e Jo w(u(éx,y»d:)

Fix a y € (0, 1), by the Markov property of (&, P¥'®), we have

o +
y=y" ) _rYy )
v(x,y) = e(x_y)"’(")Ef(”)<l (T;yy <10*]e_/° (ﬂ(v(é,y))ds>E;/_(t;)y <1(T;<To)e b (ﬂ(v(é,y))ds> = e(x—y)w(a)Al(x’ WA, (5.2)
where
Z+ y
R C)) =127 o(u(.y))ds
Ai(x,y) :=EY <1{T;y7<15)e 0 s
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y=yr

‘r+
_pv@ —/fy7 ewE.y)d
A () =E <1{T;f<r0-)e Jo” ey S>~
We first consider the asymptotic behavior of A,(x, y) as y - . We claim that

lim (Pf(“)(‘r;'_y, <15) = Ay, y)) —0. (5.3)

y—oo

Indeed, using the inequality 1 — e~*| < |x|, we get

N
_ _ Ty—yt d
0<PYO(, <7)=Aix)) = Ef“”(“f;_wqg} (1 —ehT e >>

<EO( 1 77 e mds ) <EYO( [ g, s ). (5.4)
<) A

Set y,(x) :=inf{t > y— .t — x € N}. By (5.1), we have

o+ v r+( ) Yy (0)=x—1 o+ Kt
- e Xkt
Ei‘{“”( / e, y))ds> sE;’(’“”( / ’ (p(g@—ywm))m) -y Ef(“)< / (p(e(/:s—y)w(a))ds)
0 0 k=0 o+

x+k
Vi (x)=x—1

Vs (x)
)+ + Yx+k+1-p)\ — @)+ —y(@)(y—x—1—y, (x)+k)
< Z EyC (Tx+k+1 _TXJrk)(p(eW(a ¥ V) =E7 (7)) Z (e @O,
k=0 k=1
By the definition of y,(x), we have that for y large enough,
y=x—1l-y@)2y-x-1-@-)y +D=y —x-2
Therefore, when y is sufficient large so that y* — x —2 > y7/2, by (1.3), we have

+ )
Ty _ /2
EZ’“”( /0 fp(v(és,y))d5> <EYO(r)) Y penv@0'40)

k=1
y—oo

<EV“(7)) / o@D Naz = BY (1)) / o(e7V®*)dz — 0.
0 "

This combined with (5.4) yields (5.3). Using Lemma 2.2 and Theorem 2.1(2), we get

- — lim PY@ g+ -
}LrgoAl(x, = ylggo Py <)

= lim 0V PW@E (e“”;_yy L+ <T_}> = lim e(y—y’—X)w(a)w.
yme y=yr o ymoo W@ (y—yr)
Using (2.1), we get that
W(a)(y -y~ M, as y — oo.
W (y ()
Therefore,
lim A, (x, y) = eV (@)W D00, (5.5)

Next, we consider the asymptotic behavior of 4,(y) as y - . Recall that

o+
_ pv@ = f,7 o(v(E,y)ds
Az(y)—E;/_l;y<l(T;r<ro)e Jy? ey r>

T+ T+
_pv@ [ -7 ewE.y)ds v (a) —fy" @E.y)ds
=B, (e o > —E <1(T;2’6)e o :

We claim that

o
)}Lr[].o E;/_(‘;) <e_f0} (p(u(f;J))ds) =C,(a) e (0,11, (5.6)
and
o
fim B}, <1[T;zn;>e/° (”(”(és’y))“) =o0. (5.7)
Then we get

lim A,(y) = C,(a). (5.8)
y—0

28



Y.-X. Ren et al. Stochastic Processes and their Applications 195 (2026) 104867

Combining (5.2), (5.5) and (5.8) gives that
lim V@ o(x, y) = C, () (y (@)W @ (x),

y—o00

which gives the desired result. Now we are left to prove (5.6) and (5.7). By Lemma 2.2 and Theorem 2.1, we have
y=yr y=yr

o+
w(a) —fy7 eu(&,y)ds (@) -\ = (@) -
E <1[r;'zro')e o ‘>sPyyr(T;ZTO>_1_P (Ty+<70>

W@y —y)
W@(y)
which tends to 0 as y — oo by (2.1). Thus (5.7) is valid. To prove (5.6), for any y > 0, define

.
y
G(y) :=E/%) <e/0 "’(”(5S’y)>“s>.

y —arl 7
= 1= VOR,_ (e ) = 1- eV

For any z > y, by the translation invariance and the strong Markov property of &, we have

o an
G(z) =E¥ <e_/oz w<u<¢x,z>)ds> - EV/((I)(e_/o # (ﬂ(v(éﬁz—ﬂ,z»ds)
z—z¥ 0

2V —y¥

s o+
- E"’<"><e‘fo i ¢<u<¢s+z—z7.z>)dx>Ew<a> < e h? QI(U(5:+Z—Z7,Z))C1S>
0 )

N
w
where the first term of the above display is dominated by 1 from above and the second term is equal to EO"’(") (e Joo owEtzmy y”‘”‘“).

It follows that
.

G(2) < Eg’(“)<e/0ﬂ tﬂ(v(§J+zy+yyy,zy+y))dS>. (5.9)

Note that for any w > 0, it holds that

v(x+w,y+w) = Px+w<3 t>0,u €N, st m<i¥1Xu(s) >0,X,0)>y+ w)
S
> Px+w<EI t>0,u€ N, s.t. m<i¥1Xu(s) >w, X, (1) >y+ w) =v(x,y).
S
This combined with (5.9) gives that for z > y,

ot
v
G(2) < Eg/m(e— & w(u(fm—yhy»ds) = G(y).

Thus, the limit C,(a) := lim,_,,, G(y) exists. It is obvious that C,(«) < 1. Next, we only need to show C,(a) > 0. We assume without
loss of generality that y is an integer. By the strong Markov property and Jensen’s inequality,

.[+
EV@ <e_ I q)(v(é‘yy))dS>
0 o+ y o+
y n
G(y) = > E(‘,”‘”(e‘/o <’<”<5S’”’°"‘> > exp {— Y EY <“)< / oW, y»ds) }
n=1 7,

o+
EV@ <e‘ L e ,y»ds) -1
0

By (5.1), we get

+

/ " W& s < (7 =7 De(un ) < (5 -t (@),
T+

n—1
Note that under Pg’(”), {r} - T:—l} are i.i.d. random variables with finite first moment. Therefore,

Y

G(y) = exp {_ (/,(em—y)w(a))Eg/(a) (GF - rn*_l))}

n=1
y—1 o

=exp {_E('l)/(a)(r?—) 2 (p(e—"‘l/(a)) } > exp {_Eg/(‘l)(,r:—) Z (p(e—nll/((l)) }’
n=0 n=0

which implies that

C,(a) > exp {—EO"'("’)(TT) Z @(e@) }

n=0
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According to (1.3), we have

0 3]
Z (p(e_’""(“)) < (1) +/ (p(e_z"’(”))dz < 00,
0

n=0

which implies that C,(a) > 0. This gives the desired result. O
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