
 

1�Ù!¯��VÇ

§1.1. VÇ�¹Â

~1.1.11. ��qM1, /���¡0,
:::::::::::
ªÇ�4��1{2.

¢�ö Ý1gê Ñy�¡gê ªÇ

Æ´ 4040 2048 0.5069

�pÛ 10000 5067 0.5067

��Ö 24000 12012 0.5005

~1.1.12. Ý��qÚf, /Ñy1 :½2 :0,
:::::
VÇ�1{3.

~1.1.13. Ä\/8I, /Ä�,A½Æ\0,
::::
VÇ�1{N .

~1.1.15. ëY��qM1/Úf(�£Ä�).

~1.1.16. ëYÄ\(Ø�£Ä�).

�ÅÁ�.
:::::
VÇ: ¯�ªÇ�4�!�&Ý.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 §1.2. ���m�¯�

��(sample)/��:: ��Á�(J, ω.

���m: ¤k�U�Á�(J|¤�8Ü, �8, Ω.

¯�(event): /,
0f8, A,B,C, ¨ ¨ ¨ .

²��¯�: Ω (7,¯�), H.

¯�A u): (�g)Á�(J ω P A.

¯�: 'u���5�½�¦.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.2.1. Ω “ t1, 2, 3, 4, 5, 6u,

A “ /����:ê0 “ t1, 2, 3u,

B “ /��óê:ê0 “ t2, 4, 6u.

~1.2.2. ëY�n gM1/�n qM1.

n “ 2, Ω “ tHH,HT,TH,TTu.

A “ /k�¡0 “ tHH,HT,THu,

B “ /�¡êě�¡ê0 “ tHH,HT,THu.

n “ 3, Ω̂: ��3 �H-T iÎG.

Â “/k�¡0 “ tHHH,HHT,HTH,HTT,THH,THT,TTHu,

B̂ “/�¡êě�¡ê0 “ tHHH,HHT,HTH,THHu.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 
8Ü/¯�$�:

Ö¯�/Ö8/{8, Ac.

¿¯�/¿8: AYB.

�¯�/�8: AXB, AB.

A �B Ø��/Ø�N: AB “ H.

�¯�/�8: AzB.

��Æ!(ÜÆ!©�Æ!éóÆ, ��ã.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�xf8�¿8��8:

¿¯�/¿8:

k��:

A1 Y ¨ ¨ ¨ YAn “
n
Ť

i“1

Ai “ tω : D 1 ď i ď n ¦�ω P Aiu.

���: A1 YA2 Y ¨ ¨ ¨ “
8
Ť

i“1

Ai “ tω : D i ě 1 ¦�ω P Aiu.

?¿�:
Ť

iPI

Ai “ tω : D i P I ¦�ω P Aiu.

�¯�/�8:

k��: A1 X ¨ ¨ ¨ XAn,

A1 ¨ ¨ ¨An “
n
Ş

i“1

Ai “ tω : ω P Ai,@ 1 ď i ď nu.

���:
8
Ş

i“1

Ai “ tω : ω P Ai, @ i ě 1u.

�8:
Ş

iPI

Ai “ tω : ω P Ai, @ i P Iu.

��Æ!(ÜÆ!©�Æ!éóÆ.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

4�:

üNþ,: A1 Ď A2 Ď ¨ ¨ ¨ .

eüNþ,, K-

lim
nÑ8

An “ lim
n
An :“

8
Ť

n“1
An.

�A1, A2, ¨ ¨ ¨ ���¯�, KBn :“
n
Ť

i“1
Ai üNþ,, �

lim
n
Bn “

Ť

iě1
Ai.

üNeü: A1 Ě A2 Ě ¨ ¨ ¨ .

eüNeü, K-

lim
nÑ8

An “ lim
n
An :“

8
Ş

n“1
An.

�A1, A2, ¨ ¨ ¨ ���¯�, KBn :“
n
Ş

i“1
Ai üNeü, �

lim
n
Bn “

Ş

iě1
Ai.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 ~1.2.3. �Ω “ r0, 1s.

Ai “

„

1

i
, 1



, K
n
Ť

i“1
Ai “

„

1

n
, 1



,
8
Ť

i“1
Ai “ p0, 1s.

Bi “

ˆ

0,
1

i



, K
8
Ş

i“1
Bi “ H,

Ci “

„

1

2i
,
1

i



, K
n
Ť

i“1
Ci “

ˆ

1

2n
, 1



,
8
Ť

i“1
Ci “ p0, 1s.

Dx “ txu, K
Ť

xPr0,1s

Dx “ Ω,
Ť

xPI

Dx “ I.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.3 �;VÇ�.

k����m: Ω “ t1, ¨ ¨ ¨ , nu.

¯�A �VÇ½Â� PpAq :“
|A|

|Ω|
.

Äu/é¡50b�, ½/ú²50b�.

Ø­Ø¦/êê: Amn , Cmn .

Ä��.:

�£Ä�!Ø�£Ä�!
:::::::::::::::
Ä��^SÃ'!�Å©|.

:::::::::::::::::::
e��(Jordan)úª.

�¥�.:

¥�©E!
:::::::::::::::::::::
·ü�.(¥Ø�©E).

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.3.3(�£Ä�). N �é�, k�£/Ä�n g.

::::::::::::::
ω “ pi1, ¨ ¨ ¨ , inq,:::::::::::::::::::::

i1, ¨ ¨ ¨ , in P t1, ¨ ¨ ¨ , Nu.

~1.3.4(Ø�£Ä�). N �é�, Ã�£/Ä�n g.

ω “ pi1, ¨ ¨ ¨ , inq, ‹ ‹ ‹ �i1, ¨ ¨ ¨ , in pØ��.

~1.3.6. �g5�n �. |Ω| “ Cn
N .

~1.3.7 (�Å©|). òN �é��Å©¤r |.

N1 ` ¨ ¨ ¨ `Nr “ N . �k©Ñ1i |.

~1.3.9. ()F¯K). òn ��©E�¥�\N �Ýf.

:::::::::
��Óþ.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.3.5 (Ä��^SÃ') ykN ��¬, Ù¥M �´g¬, Ù

{N ´M �´Ü�¬. ò¤k�¬�Å/�����Ñ¿?1

u�. ¦cn ��¬¥Tkm �g¬�VÇ.

ï�: �¬?Ò, g¬: 1, ¨ ¨ ¨ ,M , Ü�¬: M ` 1, ¨ ¨ ¨ , N .

ik: è�¥�1k ��¬�Òè.

ω “ pi1, ¨ ¨ ¨ , iN q �1 „ N ��ü�, |Ω| “ N !.

­ü: τ : pi1, ¨ ¨ ¨ , iN q ÞÑ pin1 , ¨ ¨ ¨ , inN q, ��N�.

�ò1n1, ¨ ¨ ¨ , nr gÀ�11, ¨ ¨ ¨ , r g.

,ï�. ki: 1i Ò�¬ uè�¥�1ki �.

ω̃ “ pk1, ¨ ¨ ¨ , kN q �1 „ N ��ü�.

σ : pi1, ¨ ¨ ¨ , iN q Ø pk1, ¨ ¨ ¨ , kN q, ��N�.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.3.15(��¯K). ykn VØÓôÚ�
, ò§��Å/?1

�m�é. ¦vk��¤õ�
�VÇ.

ï�: ò
?Ò, �
�Å�ü�, �m
�é.

Bi “/è�¥ü1i ��
�ôÚ?Ò�i0, PpBiq “
1

n
.

PpBi1 ¨ ¨ ¨Bikq “
1

npn´ 1q ¨ ¨ ¨ pn´ k ` 1q
“
pn´ kq!

n!
.

e��úª, B :“ B1 Y ¨ ¨ ¨ YBn �VÇ�

PpBq “
n
ÿ

k“1

p´1qk´1
ÿ

1ďi1ă¨¨¨ăikďn

P pBi1 ¨ ¨ ¨Bikq “
n
ÿ

k“1

p´1qk´1Ckn ¨
pn´ kq!

n!
.

A “/vk��¤õ�
0,

PpAq “ 1´ PpBq “ 1`
n
ÿ

k“1

p´1qk
1

k!
“

n
ÿ

k“0

p´1qk

k!
.

AO/, �k Ñ8 �, PpAq Ñ e´1.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.3.14 (·ü�.) òn  å)�m  I)�Åü¤��, ¦?

¿ü å)ÑØ���VÇ. (m ě n´ 1 ě 1.)

pn`mq! “ Cnn`mn!m!.

�{�. òå)IP�/10, I)IP�/00,

��
::::
0-1

::::::::
iÎG,

:::::::::
Ù¥¹n

::::
�1

::::
Úm

:::::
�0.

¥Ø�©E��¥�.: òm �Ø�©E�¥�\n` 1 �

Ýf¥.
::::::::::
��Óþ.

A “ ØÑy/110�¡ã.

τ : AÑ Â, zü�1 �m�K��iÎ0,

A: 0-1 iÎG, Ù¥¹n �1 Úm´ pn´ 1q �0.

τ ���éA, �|A| “ |Â| “ Cnm`1.

PpAq “ Cnm`1{C
n
n`m.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~. 5  I¯, 4  å¯, ·ü.

PB “ “`(I¯)ü3¤kå¯�c”, ¦PpBq.

ï�: å¯?Ò1 „ 4; I¯?Ò5 „ 9, Ù¥, `�5 Ò.

�.1: |Ω| “ 9! “ 4!ˆ 5!ˆ C4
9 ,

ω “835261497 ÞÑ p3214; 85697; 010101100q.

�.2:

ω “835261497 ÞÑ pω̂ “ 35214; 8697; 011101100q.

{z�.: ω ÞÑ ω̂,

B Ñ B̂ “t5˚ ˚ ˚˚u, PpBq “ P̂pB̂q “
1

5
.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.4 AÛVÇ�.

~1.4.1. (lÑz%C) �0 ă a ă b ď 1. 3p0, 1s ¥�Å�Ñ

��ê, ¦§á3«mpa, bs ¥�VÇ.

òΩ :“ p0, 1s þ©��Ý�1{n ��«mI1, ¨ ¨ ¨ , In.

òIi À�1i ���:, ���;V..

�a P Ii, b P Ij , Kpj ´ i´ 1q{n ď PpAq ď pj ´ i` 1q{n.

-nÑ8 �PpAq A�b´ a.

ëY5: Ak :“ pa` 1{k, b´ 1{ks üNþ,�A “ pa, bs. d

�PpAkq üNþ,�PpAq.

AÛVÇ�.: Ω �d �«�, |Ω| ă 8,

A �Ω �f«�, /¯�0A �VÇ½Â�PpAq :“
|A|

|Ω|
.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.4.6. (�AK(Bertrand)�Ø) 3ü �±þ�Å��^u.

A ““u��u
?

3”, ¦P pAq.

n«){.

VÇ: �©��Y.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.5. VÇ�m

�!σ �ê

~1.5.1. Ω “ tR,O,Y,G,B,Pu.

UÄÚOz�¡Ñy�ªÇ?

UÚO=
¯�Ñy�ªÇ?

tOu �ÿ, tR,Bu Ø�ÿ.

G “

!

A : R,G P A, ½R,G P Ac
)

, �ÿ8, ¯�.

½Â1.5.2. �Ω ´���m, F Ď TΩ “ tA : A Ď Ωu. e

(1) Ω P F ;

(2) Ö$�µ4: A P F ñ Ac P F ;

(3) ��¿$�µ4: An P F , n “ 1, 2, ¨ ¨ ¨ ñ
8
Ť

n“1
An P F ,

K¡F ´Ω þ�σ �ê/¯��, ¡pΩ,F q ��ÿ�m.

eA P F , K¡A �¯�, ('uF ) �ÿ.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

���σ �ê: tH,Ωu; ���σ �ê: TΩ.

A )¤�σ �ê: �¹A ���σ �ê,

σpA q “
č

G ´σ�ê, GĚA

G .

~1.5.5. (lÑ.). Ai, i P I, ´Ω �(�ê)y©, Ù

¥I “ t1, ¨ ¨ ¨ , nu ½t1, 2, ¨ ¨ ¨ u.

A “ tAi : i P Iu, F “ σpA q “

#

ď

iPJ

Ai : J Ď I

+

.

¡Ai, i P I, �Ä�¯�/Ä�8.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.5.6. Borel σ �ê: m8)¤�σ �ê.

B “ BpRq “ σpPq “ σpQq “ σpRq,

P “

!

p´8, as : a P R
)

, Q “

!

pa, bs : ¨ ¨ ¨
)

, R “

!

pa, bq : ¨ ¨ ¨
)

.

vk/Ä�¯�0:

txu P B, @x.

A “
 

txu, x P R
(

, ¦σpA q.

Bpr0, 1sq “ tB X r0, 1s : B P Bu.

BpRdq “ σpPdq “ σpQdq “ σpRdq “ σpSdq,

Pd “

#

d
ź

i“1

p´8, ais : a1, ¨ ¨ ¨ , ad P R

+

, Sd “

!

Bp~x, rq : ~x P Rd, r ą 0
)

.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!VÇ�½Â9Ù5�

VÇ: �©��Y. êÆé�: ¯��¼êP : A ÞÑ PpAq.

ªÇ/�;/AÛV.:

(1) �K5: PpAq ě 0.

(2) 5�5: PpΩq “ 1, 8�z.

(3) �\5: PpA`Bq “ PpAq ` PpBq.

PpA1 ` ¨ ¨ ¨ `Anq “ PpA1q ` ¨ ¨ ¨ ` PpAnq.

(4) eëY5: eA1 Ď A2 Ď ¨ ¨ ¨ , K

P
´

lim
n
An

¯

“ lim
n

P pAnq .

Ún1.5.7. �P : F Ñ R ÷v(1), (2), K(3) & (4) ô (5),

(5) ���\5: eAn P F , n “ 1, 2, ¨ ¨ ¨ , üüØ�, K

P

ˆ

8
Ť

n“1
An

˙

“
8
ř

n“1
PpAnq.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

(5) ���\5 ñ (3) �\5, (4) eëY5 �y².

�An “ H, @n íÑPpHq “ 0.

�Am “ H, @m ě n` 1 íÑ(3) �\5.

�A1, A2, ¨ ¨ ¨ ´��¯�.

-Bn “ Anz
n´1
Ť

i“1
Ai, KB1, B2, ¨ ¨ ¨ üüØ�.

A1 Y ¨ ¨ ¨ YAn “ B1 Y ¨ ¨ ¨ YBn,
8
Ť

n“1
An “

8
Ť

n“1
Bn, 
d‹‹, Pp

8
Ť

n“1
Bnq “

8
ř

n“1
PpBnq.

q�A1 Ď A2 Ď ¨ ¨ ¨ ,

KB1 “ A1; @n ě 2, Bn “ AnzAn´1, An “ B1 Y ¨ ¨ ¨ YBn;

P
´

lim
n
An

¯

“

8
ÿ

i“1

PpBiq “ lim
n

n
ÿ

i“1

PpBiq “ lim
n

PpAnq.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

½Â1.5.8. �P : F Ñ R ÷v

(1) �K5: PpAq ě 0, @A P F ,

(2) 5�5: PpΩq “ 1,

(3) ���\5: eAn P F , n “ 1, 2, ¨ ¨ ¨ , üüØ�, K

P

ˆ

8
Ť

n“1
An

˙

“
8
ř

n“1
PpAnq,

K¡P �pΩ,F q (½Ω)þ�VÇ, ¡pΩ,F ,Pq �VÇ�m.

51.5.9. ÿÝ: µ : F Ñ r0,8s, ÷v�K5, ���\5.

Ω: ���m; pΩ,F q: �ÿ�m; pΩ,F , P q: VÇ�m.

±VÇp u): PpAq “ p;

A�7,u)/±VÇ1 u): PpAq “ 1;

"VÇ¯�/"ÿ8: PpAq “ 0, µpAq “ 0;

�VÇ¯�: PpAq ą 0.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

Ö¿�£2. V��ÿÝ�AÛV..

B P B, x P R, PB ` x “ ty ` x : y P Bu.

3pR,Bq þ�3���ÿÝλ (V��ÿÝ)÷v

λpra, bsq “ b´ a, λpBq “ λpB ` xq, @B P B, @x P R.

~. r0, 1s þ�AÛV.�:

Ω “ r0, 1s, F “ Bpr0, 1sq, P “ λ|r0,1s.

�F “ r0, 1s þ¤kLebesgue�ÿ8½�.

�F “ 2r0,1s? (�±y², �3�Lebesgue�ÿ8.)

d �aq.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

VÇ�5�(·K1.5.109ÙíØ):

g���\5: P

ˆ

8
Ť

n“1
An

˙

ď
8
ř

n“1
PpAnq.

PpAnq “ 0, @nñ P

ˆ

8
Ť

n“1
An

˙

“ 0;

PpAnq “ 1, @nñ P

ˆ

8
Ş

n“1
An

˙

“ 1.

e��(Jordan)úª:

P

˜

n
ď

i“1

Ai

¸

“

n
ÿ

i“1

P pAiq ´
ÿ

1ďiăjďn

P pAiAjq ` ¨ ¨ ¨

“

n
ÿ

k“1

p´1qk´1
ÿ

1ďi1ă¨¨¨ăikďn

P pAi1 ¨ ¨ ¨Aikq .

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 ~1.5.14. lÑ.VÇ�m.

Ω “ tωi : i P Iu �ê, I “ t1, ¨ ¨ ¨ , nu ½t1, 2, ¨ ¨ ¨ u.

F “ TΩ, A “ ttωiu : i P Iu, F “ σpAiq.

©Ù�tpi : i P Iu: pi ě 0, @i;
ř

iPA

pi “ 1.

Pptiuq “ pi, @iô PpAq “
ř

i:ωiPA

pi, @A P F .

�Â “ tAi : i P Iu �Ω̂ �y©, F̂ “ σpÂ q, òÄ�8Ai À

�tiu =�.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 ~1.5.15. Ω “ t1, 2, 3, 4u, F “ TΩ. �A “ t1, 2u, B “ t1, 3u.

¦¤k÷vPpAq “ PpBq “ 1{2 �VÇ.

¦©Ù�tpi : i “ 1, 2, 3, 4u, ÷v

p1 ` p2 “ 1{2, p1 ` p3 “ 1{2.

)�p1 “ p4 “ a; p2 “ p3 “
1
2 ´ a, a P r0, 1{2s.

-A “ tA,Bu. σpA q “ F , �P|A Ñ P �*ÜØ��.

π X: ��; eA,B P A , KAB P A .

½n: A ´π X, KP|A Ñ P �*Ü(e�3, K)´���.

5VÇØ6�§Ç���¡ ��ö: ÙE
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íØ1.5.16. �µ1 �µ2 Ñ´pR,Bq þ�©Ù/VÇÿÝ.

eµ1|P “ µ2|P , Kµ1 ” µ2.

µ|P : F pxq “ µpp´8, xsq �©Ù¼ê(÷v�N5):

F Õ; F p´8q “ 0, F p8q “ 1; F px`q “ F pxq,

Kµ|P Ñ µ �*Ü�3.

5VÇØ6�§Ç���¡ ��ö: ÙE
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§1.6 ^�VÇ

�!^�VÇ�½Â

½Â1.6.1. �A P F �PpAq ą 0. é?¿B P F ,

¡PpABq{PpAq �3
:
A

:::::
u)�^�eB �^�VÇ,

P�PpB|Aq ½PApBq.

3
:::::::::::
/��0A S, /5�0B ��­��éz©'.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.6.2. k10 �¥, 5 �Àæ¥(2 ç, 3 ù), 5 �7¥(4 ç, 1 ù).

l¥?���. ®�
:::::::::
8�ç¥. ¦d¥´Àæ¥�^�VÇ.

|A| “ 6, |AB| “ 2, |AB|{|B| “ 2{6.

PpB|Aq “
PpABq

PpAq
“
|AB|{|Ω|

|A|{|Ω|
“
|AB|

|A|
“

1

3
.

Àæ 7�

ç 2 4 6

ù 3 1 4

5 5 10

PpB|Acq ą PpBq ą PpB|Acq.

G “ tH,Ω, A,Acu,

EÚUå.

PpA|Bq ă PpAq ă PpA|Bcq.

H “ tH,Ω, B,Bcu,

>úUå.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

·K1.6.3. PAp¨q “ Pp¨|Aq ÷vVÇ½Â�n�^�.

#��­©��Y, PApBq “
1

PpAqPpABq,

(1) 3A �	: �­Ø©�Ac;

(2) 3A �S: #��©���©�©�¤�'.

é?¿B Ď A, PApBq “ αPpBq. Ù¥α “ 1{PpAq.

®�A u), b�A ¤á, eA u), 3A ¥, ¨ ¨ ¨ ¨ ¨ ¨ ,

���/VÇ0�^�VÇPA, 
Ø´�©VÇP.

A^�!Uì½Â��O�PpB|Aq “ PpABq{PpAq.

~. eP ´�;V., KPA ´±A ����m��;V..

A^�!¦{úª.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 �!¦{úª

©ÛPA: 3b�A u)�, {z�., ¼�PpB|Aq.

PpABq “ PpAqPpB|Aq.

n �¯��¦{úª:

PpA1 ¨ ¨ ¨Anq “ PpA1qPpA2|A1qPpA3|A1A2q ¨ ¨ ¨

¨ PpAn|A1 ¨ ¨ ¨An´1q.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 
~1.6.7. ò52 Üý�Åþ©o|, ¦z|ÑkK�VÇ.

): A “ E1E2E3E4, Ù¥Ei “/1i |kK0.

PpAq “ PpE1qPpE2|E1qPpE3|E1E2qPpE4|E1E2E3q “?

�{�!A “ A1A2A3, Ù¥Ai “/1i |k�=k��K0.

PpAq “
C1

4C
12
48

C13
52

¨
C1

3C
12
36

C13
39

¨
C1

2C
12
24

C13
26

“
39 ¨ 38 ¨ 37

51 ¨ 50 ¨ 49
¨

26 ¨ 25

38 ¨ 37
¨

13

25
““

39 ¨ 26 ¨ 13

51 ¨ 50 ¨ 49
.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�{�!�g*	;K!4K!rK!�K, A “ B1B2B3.

(1) B1 “ ù;K �ç;K Ø3�|;

(2) B2 “ rsK�ç;K!ù;K ÑØ3Ó�|¥;

(3) B3 “ oÜK 3o�ØÓ|¥.

d¦{úª,

PpAq “ PpB1qPpB2|B1qPpB3|B2q “
39

51
¨

26

50
¨

13

49
.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.6.8. Å|æ�f(Polya Urn):

�Ðkb �ç¥, r �ù¥. zg���, �£¿�\c �ÓÚ¥.

c “ 0: �£Ä�;

c “ ´1: Ø�£Ä�, �õö�b` r g.

ö�Êg, ¦(1) PpB1R2R3B4R5q; (2) PpB5q, Ù¥

Bn ““1n gÄ�ç¥”, Rn “ Bc
n.

):
::::::::
BRRBR “ B1R2R3B4R5, RRBRB “ R1R2B3R4B5.

(1) PpBRRBR
:::::::

q:

brpr ` cqpb` cqpr ` 2cq

pb` rqpb` r ` cqpb` r ` 2cqpb` r ` 3cqpb` r ` 4cq
.

PpRRBRBq:

rpr ` cqbpr ` 2cqpb` cq

pb` rqpb` r ` cqpb` r ` 2cqpb` r ` 3cqpb` r ` 4cq
.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

���5:
::::::::
BRRBR, RRBRB, RBRBR, BRRRB, ¨ ¨ ¨

ùC2
5 �¯��VÇÑ��.

c “ ´1 �=�Ä��^SÃ'(~1.3.5).

B5 �y©�L1L2L3L4B, Ù¥Li P tB,Ru.

PpL1L2L3L4Bq “ PpBL1L2L3L4q.

BL1L2L3L4, (L1,L2,L3,L4 P tB,Ru), �B1 �y©.

PpB5q “ b{pb` rq:

PpB5q “
ÿ

LiPtB,Ru,i“1,2,3,4

PpL1L2L3L4Bq

“
ÿ

LiPtB,Ru,i“1,2,3,4

PpBL1L2L3L4q “ PpB1q “
b

b` r
.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.6.9. ykn VØÓôÚ�
, ò§��Å/?1�m�é.

¦Tkk V��¤õ�VÇ.

òAk U´=k V��¤õy©�Bi, i “ 1, ¨ ¨ ¨ , Ckn.

B1 “ CD, Ù¥C “/ck V��¤õ0,

D “/�n´ k «ôÚ�
þ��Ø¤õ0.

PpCq “
pn´ kq!

n!
.

PpD|Cq “
n´k
ř

j“0
p´1qj

1

j!
, (ë�~1.3.15.)

PpAkq “ CknPpB1q “ CknPpCqPpD|Cq “
1

k!

n´k
ř

j“0
p´1qj

1

j!
.

-pn,k “ PpAkq, Kkpn,k “ pn1,k1 , Ù¥x1 “ x´ 1.

�
n
ř

k“0

kpn,k “
n
ř

k“1

kpn,k “
n1
ř

k1“0

pn1,k1 “ 1.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

n!^�VÇPAp¨q �^�VÇ

PApC|Bq “ PpC|ABq:

PApC|Bq “
PApBCq

PApBq
“

PpABCq{PpAq

PpABq{PpAq
“ PpC|ABq.

~1.6.10. ykN ��¬, Ù¥kM �g¬, Ù{N ´M �

´Ü�¬. �£/Ø�£Ä�üg. ¦31�gÄ�g¬�^

�e, 1�gÄ�g¬�(^�)VÇ.

�£Ä�, Pp¨q: Ω “ tpi, jq : 1 ď i, j ď Nu þ��;V..

PpB|Aq “
|AB|

|A|
“

M2

MN
“
M

N
.

Ø�£Ä�, PCp¨q: C “ tpi, jq P Ω : i ‰ ju.

PCpB|Aq “
|ABC|

|AC|
“
MpM ´ 1q

MpN ´ 1q
“
M ´ 1

N ´ 1
.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.7 �VÇúªÚ��dúª

�!�VÇúª

�²�y©: tAi : i P Iu ´Ω ����êy©�PpAiq ą 0.

½n1.7.1(�VÇúª).

PpBq “
ÿ

iPI

PpAiqPpB|Aiq.

y: PpBq “
ř

iPI

PpBAiq “
ř

iPI

PpAiqPpB|Aiq.

g�: ©�¹?Ø.

y©�U��¦PpAiAjq “ 0,
ř

iPI

PpAiq “ 1.

íØ1.7.2. �PpAq ą 0.

(1) PApBq “
ř

iPI

PApAiqPApB|Aiq.

(2) Ω ½A ��²�y©, PpB|Aiq ” p, KPpB|Aq “ p.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.7.4. ò52 Üý�Åþ©ü|. l1�|¥��Ü(e¡/Î

ý0), uy§´K, ò��\1�|. 2l1�|(�27 Üý)¥

�Ñ�Ü(e¡/#ý0), ¦#ý´K�VÇ.

�Ø)�: PAn ““1�|�k�26Üý¥kn ÜK”.

PpAnq “
Cn4C

26´n
48

C26
52

, PpA|Bnq “
n `1

27
.

¤¦� PpAq “
3
ř

n“0

Cn4C
26´n
48

C26
52

¨
n` 1

27
.

A “/Îý´K0, B “/#ý´K0, ¤¦�PApBq.

3A u)�^�e, #�.�: ò51 Üý(=3 ÜK)�Åþ©

ü|(25` 26), lÎý�1�|(�27 Üý)¥�Ñ#ý.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�{�!

PApAnq “
Cn3C

26´n
48

C26
51

, PpA|Bnq “
n` 1

27
.

�

PApBq “
4
ÿ

n“0

PApAnqPApB|Anq “ ¨ ¨ ¨ “
43

459
.

�{�!C “/#ý=�Îý0.

PApCq “
1

27
, PApB|Cq “ 1;

PApC
cq “

26

27
, PApB|C

cq “
3

51
“

1

17
.

�

PApBq “
1

27
`

26

27
¨

1

17
“

17` 26

27 ¨ 17
“

43

27 ¨ 17
.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.7.5. 3Å|æ�f�.¥, ¦PpBnq.

�½c. �.ëê�b, r �, �YP�fpb, r;nq.

ÄÚ©Û{: d�VÇúª,

fpb, r;nq “
b

b` r
¨fpb`c, r;n´ 1q`

r

b` r
¨fpb, r`c;n´ 1q.

n “ 1 �, fpb, r, 1q “
b

b` r
.

^êÆ8B{�y: fpb, r;nq “
b

b` r
.

fpb, r;nq “
b

b` r
¨

b` c

pb` cq ` r
`

r

b` r
¨

b

b` pr ` cq
“

b

b` r
.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.7.6. 50 ��Ü¦. m <±50 ��¦, n <±100 ��¦, �

Åüèï¦. ¦È¦
ÃIJcý�"a�VÇ pm,n.

©Ûè�: d�VÇúª,

pm,n “
m

m` n
pm´1,n `

n

m` n
pm,n´1, m ě n.

>.^�: �m ă n �, pm,n “ 0.

^8B{�y: �m ě n �, pm,n “ 1´
n

m` 1
.

Ö(Ý¦½n): `!¯ü<¿ÀÆ)¬ÌR, N  ÓÆÝ¦,

`'¯õi ¦. ¦�¦L§¥`�±+k�VÇqN,i.

A u)%ºXB “/1�¦|±`0u).

`k
N ` i

2
∆
“ 1`m ¦, ¯k

N ´ i

2
∆
“ n ¦. PpBq “

1`m

N
.

PpA|Bq “ pm,n, �qN,i “
1`m

N
¨ pm,n “

i

N
.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 ~1.7.7(n�¯K). n ÷�, m ÷�kø, n´m ÷��,

1 ď m ď n´ 2. kß�÷(Î�), ,�Ì±<3�{���¥�

ÅÀ�÷�m. ±e=�üÑÐ?

üÑ1: j±ÀÎ�.

üÑ2: 3Î�ÚÌ±<�m���	�ÅÀ�÷#�.

^�Vúª)�.

ï�, O�z�����­.

3�.¥)ºÎ��#�Øé�.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!��dúª

½n1.7.9(��dúª). �tAi : i P Iu ´Ω ��²�y©.

ePpBq ą 0, K

PpAi|Bq “
PpAiqPpB|Aiq

ř

jPI

PpAjqPpB|Ajq
.

í�/O�: PpAi|Bq “
PpAiBq

PpBq & ¦{úª& �Vúª.

y©�U��¦PpAiAjq “ 0,
ř

iPI

PpAiq “ 1.

_VÇúª, k�VÇ vs ��VÇ.

B ´w²�, Ai ´Ûõ�.

G “ tH, B,Bc,Ωu. Ai P F , �Ai R G .

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.7.10. ^,uÿ{, �¾öÿÑ�5�VÇ�a “ 0.95; ��

öÿÑÒ5�VÇ�b “ 0.9. ,<3�¾<ê'~�p “ 0.001

�/«, Ùuÿ�w��5. Á¯: ¦�¾�VÇ´õ�?

PA “/�¾0, B “/uÿ�w��50.

PpAq “ p, PpB|Aq “ a, PpB|Acq “ 1´ b.

d��dúª,

PpA|Bq “
pa

pa` p1´ pqp1´ bq
“

pa

ppa` b´ 1q ` p1´ bq
.

�\äN�����PpA|Bq “ 0.00942.

fppq “
pa

ppa` b´ 1q ` p1´ bq
'up Õ.

g�K: e2gE�´�5, d<k_J�VÇ´õ�?

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

§1.8 Õá5

�!¯��Õá5

~1.8.1. N ��¬, Ù¥M �´g¬. �£/Ø�£Ä�ü

g, ¦31�gÄ�g¬�^�e, 1�gÄ�g¬�VÇ.

�£Ä�, P: Ω “ tpi, jq : 1 ď i, j ď Nu þ��;V..

Ø�£Ä�, PC : C “ tpi, jq : i ‰ ju.

PpB|Aq “ PpB|Acq “ PpBq “M{N ;

PCpB|Aq “ pM ´ 1q{pN ´ 1q ăM{N
::::::::::::::::::::::

“ PCpBq.

�*: PpB|Aq “ PpBq, A u)(�Ä)ØUCB �VÇ.

½Â1.8.2. ePpABq “ PpAqPpBq, K¡A �B (3VÇP

e)�pÕá(independent).

��'PpABq ě PpAqPpBq vs K�'PpABq ď PpAqPpBq.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.8.4./�Þ!}
!Ù0iZ.

A “/`Ñ}
0, B “/¯ÑÙ0, C “/`I0.

��:

p0, 0q p0, 2qC p0, 5qB

p2, 0qA p2, 2qA p2, 5qA,B,C

p5, 0qC p5, 2q p5, 5qB

A,B,C üüÕá:

PpAq “ PpBq “ PpCq “
1

3
,

PpABq “ PpACq “ PpBCq “
1

9
.

�PpC|ABq “ 1.

Ö: PpC|ABq “ PpCq ô PpABCq “ PpAqPpBqPpCq.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

½Â1.8.5. n�¯�. üüÕá.

qePpABCq “ PpAqPpBqPpCq, K¡§��pÕá.

½Â1.8.6. n �¯�. üüÕá.

e@k ď n, @1 ď i1 ă ¨ ¨ ¨ ă ik ď n,

PpAi1 ¨ ¨ ¨Aikq “ PpAi1q ¨ ¨ ¨PpAikq,

K¡§��pÕá.

½Â1.8.7. ��¯�üüÕá.

e@n ě 2, A1, ¨ ¨ ¨ , An �pÕá, K¡A1, A2, ¨ ¨ ¨ �pÕá.

o(: üüÕá�PpAiAjq “ PpAiqPpAjq, @i ‰ j;

�pÕá�?¿k��¯��8�VÇ= VÇ�¦È.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�A1, ¨ ¨ ¨ , An �pÕá, K

Bi �Ai ½A
c
i , KB1, ¨ ¨ ¨ , Bn �pÕá;

@1 ď j1 ă j2 ă ¨ ¨ ¨ ă jk ď n, Aj1 , ¨ ¨ ¨ , Ajk �pÕá;

pA1A2q, A3, ¨ ¨ ¨ , An �pÕá;

pA1 YA2q, A3, ¨ ¨ ¨ , An �pÕá.

Õá5�A^:

�!�yÕá5; �!b�Õá5.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.8.8. Ai ““1i �����”. Ai, i P I �pÕá, PpAiq ” p.

¦PpXÚ��q.

B1 “ A1 ¨ ¨ ¨An, B2 “ An`1 ¨ ¨ ¨A2n.

Ra “ PpB1 YB2q “ PpB1q ` PpB2q ´ PpB1B2q (e��)

“ pn ` pn ´ p2n “ pnp2´ pnq.

Ci “ A2i´1YA2i, PpCiq “ 1´ p1´ pq2 “ pp2´ pq. (éóÆ)

Rb “ PpC1 ¨ ¨ ¨Cnq “ pnp2´ pqn.

2´ pn ă p2´ pqn, (b) ���.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�!�pÕá��Á�

n �(�)Á�:

pΩi,Fi, Piq : 1i ��Á�, i “ 1, ¨ ¨ ¨ , n.

�Á�����m:

Ω “ Ω1 ˆ ¨ ¨ ¨ ˆ Ωn, ω “ pω1, ¨ ¨ ¨ , ωnq.

:::::::
'u1i

::::::::::::::::
��Á��¯�: @Ãi P Fi,

Ãi ãÑ Ai “ tω : ωi P Ãiu

“ Ω1 ˆ ¨ ¨ ¨ ˆ Ωi´1 ˆ Ãi ˆ Ωi`1 ˆ ¨ ¨ ¨ ˆ Ωn.

~1.8.4./�Þ!}
!Ù0iZ. Ω1 “ Ω2 “ t0, 2, 5u.

::::::::
`Ñ}
: Ã1 “ t2u ãÑ Ai “ tp2, 0q, p2, 2q, p2, 5qu.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

�Á�¥�σ �ê:

F “ σptAi : Ãi P Fi, 1 ď i ď nuq.

�Á�¥�VÇ(¦ÈVÇÿÝ):

pΩ,F q þ�3���VÇP ÷v:

(1) ��Á��N:

PpAiq “ PipÃiq, @Ãi P Fi, 1 ď i ď n.

(2) �Á��pÕá: @Ãi P Fi, 1 ď i ď n,

PpA1 ¨ ¨ ¨Anq “

n
ź

i“1

PpAiq, PpÃ1 ˆ ¨ ¨ ¨ ˆ Ãnq “

n
ź

i“1

PipÃiq.

�pÕá��Á��pΩ,F ,Pq.

�pÕá����Á�aq.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.8.10 & 1.8.11. N ��¬, Ù¥kM �´g¬. �£/Ø�

£Ä�üg, ïÄü��Á��Õá5.

ü��Á�: Ωi “ t1, ¨ ¨ ¨ , Nu, Pi éA�;V., i “ 1, 2.

�Á�����mΩ “ tpi, jq : i, j P t1, ¨ ¨ ¨ , Nuu.

1�gÄ�(J: Ãk “ tku ãÑ Ak “ tpk, 1q, ¨ ¨ ¨ , pk,Nqu.

1�gÄ�(J: B̃k “ tku ãÑ Bk “ tp1, kq, ¨ ¨ ¨ , pN, kqu.

�£Ä�P. �N!Õá.

PpAiBjq “
1

n2
“ PpAiqPpBjq, PpABq “ PpAqPpBq.

Ø�£Ä�PC , C “ tpi, jq P Ω : i ‰ ju. �N!ØÕá.

PCpAiq “ P1pÃiq, PCpAiBjq ‰ PCpAiqPCpBjq.

PA, A “ tpi, jq : i ď ju. Ø�N.

PApBkq “
k

NpN ` 1q{2
‰ P2pB̃kq.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.8.12. òn  å)�m  I)�Åü¤��. ïÄÕá5.

�.: n��pÕá��Á�, |Ω| “ Cnn`m ¨ n! ¨m!.

òI)À���,

å)À��©E�¥.

Ω1 ˆ Ω2 �È�

òn ��©E�¥

�\m` 1 �Ýf¥.

XÛ�?

~. m “ 1, n “ 2.

iÎG 001 010 100

·ü 1© 2© | 1© | 2© | 1© 2©
2© 1© | 2© | 1© | 2© 1©

�©E 1© 2© | 1© | 2© | 1© 2©
2© | 1©

Ai “/1i �¥31��Ýf¥0. PpAiq “
1

m` 1
,

PpA1A2q “
2

pm` 2qpm` 1q
ą PpA1qPpA2q.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

n!­EÕáÁ�

~1.8.13. ¤õÇ�p �Ëã|(Bernoulli)Á�: �M1.

ω: Ã¡�(½k��)�H-T iÎG.

Hn “/1n g�H0, Tn “ Hc
n.

BN “
N
Ť

n“1
Hn Õ B “

8
Ť

n“1
Hn. PpBq “ 1:

PpBN q “ 1´ P

˜

N
č

n“1

Tn

¸

“ 1´ p1´ pqN Õ 1.

(­EÁ�¥)�VÇ¯��½(A�7,)u).

±VÇ1, ¤kücÑÑy.

5VÇØ6�§Ç���¡ ��ö: ÙE
(�®�ÆêÆÆ�)



 

~1.8.14. ��Á�¥¯�E,F Ø�N, VÇ©O�p, q, þ��.

¦­EÕáÁ�¥¯�B “/E ku)0�VÇ.

En “/1n g�Á�¥E u)0; Fn; Gn “ En Y Fn.

An “ Gc1 ¨ ¨ ¨G
c
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